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Abstract

This paper, after a rigorous proof of the formulas originally proposed by Radz-
imovsky, demonstrates the numerical equivalence of the different approaches
available for computing the mechanical efficiency of two degrees-of-freedom
(d.o.f.) epicyclic gear trains. The paper includes also a discussion on the redun-

dancy of data required by some formulas.

Introduction

The 2 d.of. epicyclic gear train can be considered the basic unit of many
complex gear drives. A mechanical efficiency analysis is a required step in the
design process of multi-d.o.f. drives. Technical literature reports many formulas
for the mechanical efficiency analysis of basic 2 d.o.f epicyclic gear train (EGT).
Deduced from different first principles, but under the same hypotheses, each of
these formulas has its own algebraic structure.

After a brief summary of the theoretical steps required to obtain the formulas,
their equivalence is demonstrated numerically .

This comparison seems to be novel and helpful for the purpose of shedding
further light on an intricate subject.

Also developed herein is a rigorous proof and a new interpretation of Radzi-
movsky’s formulas [1].

The results presented can also be used for the mechanical efficiency analysis of 1

d.o.f. epicyclic gear trains, as described in references [3, 4] or other approaches



[14, 15]. The formulas deduced by Radzimovsky [1], have been embodied by
Pennestri and Freudenstein in their systematic method for mechanical efficiency
analysis of EGT [3, 4].

A discussion on computer oriented methods for the analysis of mechanical
efficiency in EGT is given by del Castillo [19]. An implementation in PASCAL
programming language of the method of Freudenstein and Pennestri [3, 4] is
provided by Ciceroni [18].

All the procedures reviewed:

e consider meshing losses only;

e do not include inertia effects;

e neglect speed and load dependent losses.

The above simplifications have been removed by Mantriota and Pennestri [16]
in a theoretical-experimental investigation on mechanical efficiency analysis of
EGTs.

Deduction of mechanical efficiency
formulas

Let us consider a basic 2 d.o.f. epicyclic spur-gear train where all the links
rotate at constant angular velocity and all losses, except meshing losses, are
negligible. Although this hypothesis is very restrictive, it is frequently adopted

in industrial pratice ( e.g. [7, 8]). Moreover, it is also assumed that such losses



are not velocity or load dependent. A more general model where load dependent
losses are included, has been proposed and experimentally validated in reference
[16].

In the functional representation which appears at the left side of Figure 1,
there are two external spur gears ¢ and j connected through the gear carrier k.
Both j and k are connected through a revolute joint at another link, say the
frame m.

To visualize the power-flow through the links, a block representation is often

adopted (see right side Figure 1). The unit composed of 7, j and k is the building

O
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Figure 1: An example of basic 2 d.o.f. EGT with block representation of the
power flow.

block of a large class of complex EGTs. Thus the term basic appears appropriate
to characterize the simplest 2 d.o.f. EGT.
Let us denote with T); and T}, the torques externally applied on spur gear j and

on gear carrier k, respectively. In the absence of friction losses, the application



of virtual work principle gives

T+ Thwoy = O, (1)

Tiw! +Tjw; = 0, (2)
where

w;, = (1-R)wy, 3)

wy = Rwj, (4)

are, respectively, the angular velocities of link ¢ when link j or k is held fixed

and

R— iNumber of teeth of gear ] 7 (5)
Number of teeth of gear ¢

is the gear ratio (positive for internally meshing gears).

If both links j and k rotate simultaneously, then the angular velocity of link 4 is
wi = wj +w) . (6)

This relationship is still valid when meshing losses are taken into account, but
some of the previous expressions must be modified. For this purpose, we denote
with 7;x—s) (nk(j_i)) the mechanical efficiency of the basic EGT when link j
(link k) is held fixed.

Because of meshing losses, equations (1) and (2) are respectively modified as

follows:
Tiw; + Nje—iyThwr, = 0 (7)

Tiw; + M- Tiw; = 0. (8)



Thus, adding equations (7) and (8), one obtains the torque at link 4
We Wi
T = - <77j(ki)Tkw_i + nk(ji)Tjw_Z> . 9)

By definition, the mechanical efficiency ng of the basic 2 d.o.f. epicyclic gear
train is

| Tiwi
Tkwk + TjOJj
Nj(k—i) Trewr + Mri—i Tjwj

= . 10
Tkwk + Tjw]‘ ( )

ne =

The reader should observe that the previous expression is the well known for-
mula for computing the mechanical efficiency of a machine composed of two

parallel mounted units (see figure 2). In the case under analysis, the mechanical

Figure 2: Power flow in a two d.o.f. machine unit

efficiencies of the two units are 7,y and ng;—)-



Taking into account (7) and (8), equation (10) can be rewritten as follows:

wi + wi!
= . 11
ne W; w;/ ( )
_|_
M5 (k—1) Nk(j—1)

This expression coincides with the one deduced by Radzimovsky [1].
When there is one input link (say wheel 4) and two output links (say k and j),

the power balance equation is
Tiwing + Trwy, + TjOJj =0. (12)

Therefore, the mechanical efficiency is

_ |Tkwk + Tjwjl

1
T (13)

In this case, considering the two kinematic inversions, equations (7) and (8)
should be modified, respectively, as follows
Tiwinjk—i + Thwox = 0, (14)
TiwiMe(j—i) + Tjw; = 0. (15)
By adding (14) and (15) one obtains
Ty (winj(k—iy + @i Mi(j—s)) + Tjw; + Tewy, =0 . (16)

By comparing (12) and (16), it follows the expression for mechanical efficiency

(1]

np = w;nj(k—i) + wélnk(j—i) (17)

Wi

For the purpose of facilitating the use of (11) and (17), the entries of Table

1 have been compiled.



Table 1: Overall efficiency of the basic 2 d.o.f. basic gear train [3, 4].

Input | Driven Overall efficiency
links links nE
ik j : i I
wp (R—1) w;
[1 Al I B m Mi(k—j)
gk | I " I
IR GO} P PR N
ij | k(j—1) I W (1 _ R) j(k—1)
2y k I Jlr 1
1= i, 1— wilt|
W R | Mi(j—k) Wi Mj(i—k)
Nie(i—3) Mji—k)
! k’j 1+wk (1 —R) + 1+ Wy
OJJR Wi (1 - R)
Me(j—1) Ni(i—k)
J ki — + o
149k (Ri 1 1+ (RZ— 1)
ko i Jg ¢
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The formulas of efficiency analysis deduced by Radzimovsky have been used

in experimental analyses [2].

Application of Radzimovsky’s formulas

The formulas of Radzimovsky have been embodied in the systematic procedure
of mechanical efficiency analysis proposed by Pennestri and Freudenstein. In
particular, references [3, 4] describe a method based on joint use of these formu-
las with the analytical findings of Merritt [5] and Macmillan [9]. These authors
deduced independently and using different principles, the mechanical efficien-
cies for all the epicyclic inversions of a basic gear train. In particular, these
efficiencies have been related to the gear ratio r and to the mechanical efficiency

1 of the gear train when operating with a fixed carrier (See Table 2).

Table 2: Mechanical efficiencies of basic gear train epicyclic inversions.

_ No. of teeth of gear 1

T = No. of tecth of gear 2

> 1, r > 0: Internal gears, r < 0:External gears [5, 9].

Fixed Input Driven Mech.eff.(r >0) Mech.eff.(r <0)

£ " "
k J i n . n .
. . T —_ T —
J ? k ﬁ) ﬁ)
. . n\r — n\r—
A T
odk nir=1) 1
S . r—1 n(r—1)
J r—7 pgr—1




Alternative approaches

The formulas discussed in this paper have been deduced from different principles
of mechanics. Thus, purpose of this section is to give a brief theoretical outline!
of the reasoning used by other researchers when dealing with the same problem.
A more detailed treatment must be found in the original references [5, 6, 8, 10,
17, 11, 12].

Merritt (1947)

Here the method of Merritt [5] (pp.134-135) is described

After subtracting the speed of k, the work put into ¢ and j will be as follows
Work put into gear i = T; (w; — wg) (18)

Work put into gear j = T} (w; — wy) (19)

One of these quantities must be positive and the other negative. The positive
value refers to the driver link of the basic train under a kinematic inversion
which makes the gear carrier fixed. If link ¢ is the driver, then the power loss

will be

Li=Ti(wj—wi)(1—nm) . (20)

Similarly, if link j is the driver, then the power loss will be

Li =Tj(wj —wr)(1=n) . (21)

IWhenever possible the original nomenclature will be maintained for a direct comparison.

10



Since the power loss cannot be affected by a kinematic inversion, the mechanical

efficiency of the EGT is

0 = Y Tw =T (wi —wg) (1 =1n)
S Tw

(22)

or

2 Tw =T (wj —wr) (1 =)
Ne = S Tw

(23)
where Y Tw represents the sum of the positive products of T' and w of the
rotating members, i.e. the total power input and the appropriate member is
selected to determine the loss. The approach of Merritt was used by Hsieh and

Tsai in a recent work [14].

Macmillan (1961)

In a basic EGT the following relations always hold

Ti+T;+1T, =0 (24)
Wi — W — Rl (wi - wk) = 0 5 (25)

where
R =R'. (26)

Assuming a power flow from gear i to gear j, one can write

nk;
_Pj R (27)
Combining relations (24), (25) and (27) one obtains (see [6], eq. (6))
1-R)P
_Pj =P + % . (28)

11



Manipulating the previously mentioned relations one can demonstrate that (see

(6], eq.(11))

& _ Pkwi _ _iji ) (29)
R (n—R")wy nws
The total frictional power lost in the EGT is given by
P, = P+ Pj + Py
R/
- a-n|p-Lon] (30)

where all the powers are considered taking into account their algebraic sign. If
both P; and Pj, were positive, one would have (see [6], p.40)

Py,

ne=1- m (31)

Therefore, substituting (29) and (30) into (31) one readily obtains?

1
ne=1-(1-n) (PzITPIQ) ) (32)
where
PL= o (33)
_

IR e i

Strauch (1970)

For the deduction of the efficiency formulas Strauch[8] starts with the general

definition of the mechanical efficiency

I ab
—_— — 9 35
nE Py +V ( )

2The reported algebraic substitutions and simplifications are not explicitly mentioned by
Macmillan.

12



where P,; is the output power and V' the power loss.

Let ([8], p.39)

|Piw| = |Ti (wi —wi)| = [Tj (w; — wi)|

= |ij| = |Piw| = |Pw|

For an ordinary gear train P,;, = P, thus

_ ]-_"75t

v
Pab Nst ’

where ng; is its efficiency.

For a planetary gear train, we can write

_V Py _ Py 1w
Pab Pw Pab Pab st

Substituting this into (35) we obtain

1
Pw i l_nst
Pab Tst

ne =

1+]

(38)

(40)

With reference to the scheme of Figure 3, from (40) Strauch deduces the for-

mulas for the following three different cases ([8], p.45):

e Input link: a. Output links: d and s.

(ne) :
)= 1—J 1—nu|’
1+ |kq J (2Tt
J st
e Input links: a and d. Output link: s.
1
(77E)2— L4l 1—J . l_nst ’
“T—u g

13

(42)
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Figure 3: Nomenclature used by Strauch [8].

e Input links: a and s. Output link: d.

(WE)?,

where ([8], pp.38-39)

Maggiore (1971)

B 1
- — ,
14 ko (1= J) - —— st
Mst
_ Wg — Ws
W —ws
J="2
W
u
ka: )
A
1
kol =
|d| ‘1 U

(43)

In principle the reasoning followed by Maggiore [10] is similar to the one of

Merritt. However, the algebraic structure of the formulas deduced is different.

14
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Figure 4: Nomenclature used by Maggiore [10].

With reference to the nomenclature of Figure 4, Maggiore distinguishes the
four cases summarized in Table 3. For each case there are two different possi-
bilities (herein denoted as subcases 1 and 2). In particular, subcase 1 applies
when, under the kinematic inversion which makes the gear train ordinary, the
power flows from gear A to gear D. Subcase 2 applies when, under the same
kinematic inversion, the power flows from gear D to gear A.

Under the kinematic inversion which makes the gear train ordinary, the

torques ratios are as follows:

e Subcase 1: Driving gear (A), Driven gear (D)

Ta_ m Io_ _m (48)
T n—70  Tg T0—-7n"

15



e Subcase 2: Driving gear (D), Driven gear (A)

Ta _ 1m0 In _ 1 (49)
TE ].—777'0 ’ TE 777'0—1,

where T4, Tp and Ty denote the torques acting on the gears.

Table 3: Combinations of working conditions for the epicyclic gear train shown
in Figure 4.

Case No. Input Gears | Output Gears
I A-E D
11 A-D E
111 A D-E
1AY E A-D

According to Maggiore, when we let

o= 2D"YE (50a)
waA — WE
' WE
= — b
T oa (50Db)

the efficiency of a two d.o.f. epicyclic gear train can be estimated by means of
the formulas reported in Table 4, where n denotes the efficiency of the ordinary

gear train obtained under a kinematic inversion.

16



Table 5: Working conditions considered by Monastero [17] in addition to those
listed in Table 3

Case No. Input Gears | Output Gears
\Y% E-D A
VI D A-E

Table 4: Formulas for computing the efficiency [10].

Case No. Subcase 1 Subcase 2
o _ L _
nra =1 —Lt-n_ o nr2 =1 4#1/
L 1+ —/—= — . N
0 (L —7") 0 (7' = 1)
1—n)(1-7") _ 1-—7
= 1- TO( n = 1-—1-T7
I . 0 —n (10 + 7 — T07") .z 1+ 7 (1 —79)
10 (1—1n)
1- 1-—
nrrrg = 1 — ——n Nrrr2e = 1-=—"(+' 1)
10| (1= 1

o(l—n) (-1
T'(l—Ton)

o(l-n) (' -1
7' (10— 1)

v nvy =1-— nive =1—

Monastero, 1976

With reference to the nomenclature of Figure 4, Monastero [17] considers also,
in addition to those listed in Table 3, the working conditions summarized in
Table 5.

Thus, to Maggiore’s formulas listed in Table 4, Monastero adds those summa-
rized in Table 6. Although all non isomorphic cases have been considered by

Maggiore, the formulas added by Monastero may ease the computations.

17



Table 6: Formulas for computing efficiency presented by Monastero [17] in ad-
dition to those listed in Table 4

Case No. Subcase 1 Subcase 2
(A=A -n) __A=7)(1 -9
A ) ) e KA R e ()
_, T -1)(A-n) 1 (A=nrd-7")
VI nvri =1 N 70— 770) nvrz =1 P

Lucas, 1984

The reasoning of Lucas is similar to that outlined in our demonstration. How-
ever, Lucas gives the impression of missing the physical meaning of what he

defines as efficiency factors. In fact, he states that (see p.169 [12])
“...the efficiency factor may be greater than unity.”

According to what has been demonstrated, the efficiency factors coincide with
the mechanical efficiencies of epicyclic inversions of a basic gear train (see Table
2). Therefore, these can never be greater than unity.

In particular, reference [12] reports the following expressions
Eij — Rij <wj ) Eij Wi

=W (X _ R, 425 51

e Ri]‘ (R” - 1) Wi K Rij Wi ( )

Eij (1 - Rij) wj/wi
Rij (1 — Rij) + (Eij — Rij) (wj/wi — Rij)

ng = (52)

where E;; is the efficiency factor and R;; = R™' . The expression (52) should
be used for the case of input power on both wheel ¢ and gear carrier k. Equation

(51) is used for the case of two output power flows and one input power flow.

18



Henriot, 1979

Henriot [13] starts by stating the torques on the planetary gears for the two

different cases:

T; =

—%ﬁ if gear ¢ is a driving link,
(53)
T,

— R,’n if gear ¢ is a driven link.

The torque T} on the gear carrier is computed by means of the equilibrium

equation (12). When the gear carrier k& and gear i are both driving links, the

mechanical efficiency of the basic EGT is

Tjw;

_— 54
Tiw; + Trwy ( )

Ne =

From this general expression, after simplifying a common factor in the numer-

ator and denominator, one readily obtains 3

Rw; + (’I} — R’)wk '

Ne (55)

Discussion of a particular case

For the case of the differential shown in Figure 5, some of the formulas deduced

could give erroneous results under the following operating conditions?:
- driving link: gear carrier k;

- driven links: wheels j and k;

3This further step is not explicitly mentioned by Henriot. Moreover, in the original nu-
merical example, the values of the torques were taken into account. As herein demonstrated,
within the limit of our hypotheses, since all the torque values cancel out, this is not necessary.

4The case discussed in this section has been brought to the attention of the author by Prof.
Carlo Innocenti.
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- Wi=wy.

For this case, since R = —1, the Willis’ equation gives
wh — Wi + wj
=T

From the last entry of Table 1, when w; = wj, one readily obtains

\—l;l k=gear carrier

I

Figure 5: Scheme of a differential gear train: Nomenclature.

_ Mik—5) | Ti(k—i)
nNg = 2 + 9

Because of symmetry, it is required that

Ni(k—j) = Mj(k—i) -

(56)

(58)

The equality (58) is mathematically consistent with the third and last entry

of Table 2 only for = 1. This implies 9;x—;) = 7jk—s) = 1 and, from (57),

ng = 1. The numerical result just obtained does not contradict the physical

reasoning. In fact, under our hypotheses the only source of losses is due to

20



the meshing of gear teeth. When w; = w; = wy, there is no meshing and the

mechanical efficiency of the differential model must be unity.

Numerical examples

In this section we report the numerical results for the formulas described previ-
ously.

All numerical examples refer to the following data®:
e Input links: ¢ and k;

e w;=10rad/s , wy=-12 rad/s, absolute angular velocities of bodies ¢ and k,

respectively;
e R = —2, gear ratio;

e 15 = n =0.98, mechanical efficiency of the ordinary gear train whose
wheels w; and ws have, respectively, the absolute angular velocities wy =

w; — wp and wy = wj — wy,
From the kinematic analysis it follows immediately that w; = —23 rad/s.

1. Merritt’s formula

Let us assume, without of loss of generality, T; = 1, then

T, = —(T;+ Tj) =—-2.96 .

5The efficiencies are computed using 7 decimal places with the only purpose of demon-
strating the equivalence of the formulas considered.
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and

Pl' = Tiwi =10
Pj = Tjwj = —45.08
Pk = Tkwk =35.52.

We now compute the expressions (20) and (21), respectively
Li = 044

L; = —04312

Since L;, P; and Pj are all positive, then the efficiency of the differential

train is given by formula (22)

(P + Pr) — L
P + B
104 35.52 -0.44

= 10+ 3552 = 0.9903339

ne =

. Macmillan’s formula

The equations (26), (33) and (34), with the prescribed numerical data,

give
1
R = -Z
2
P o= 2
11
444
P = —.
k 275

By substituting these values into (32) one obtains

1
ne=1—(1-0.98) <m> = 0.9903339 .
1 " 275

22



3. Strauch’s formula
The input links are ¢ and k, thus we need to apply formula (43). By

substituting into it the following numerical values

10

J = ——

23
o

YT Ty
1

ke = =,
3

one obtains

(nE)s = 0.9903339 .

4. Maggiore’s formula
The adaptation of our scheme to the one used by Maggiore (see Figure 4)

requires that wq = wp, thus, from (50), we obtain

T():l,
oL
237

Considered the kinematic conditions of the epicyclic gear train under anal-
ysis, the efficiency formula (case I-subcase 1), from Table 4 applies. By

substituting the ratios just computed one readily obtains

n11 = 0.9903339

5. Radzimovsky’s formula

Considered the value of the gear ratio R, from Table 2, follows:

23



n(R-1)

Mitk—s) SE—1 0.9932432 | (59)
Since
1+ Wk (R - 1) _ E 7
Wi 5
Wi 23
14— = =
T EB-D 8

by applying the first formula of Table 1, one obtains:

1

nE = : =0.9903339 . (61)

1
+
23 23
—5—0.98 T80'993243

. Lucas’ formula
In the case under analysis E;; = n = 0.98 and R;;=-0.5, therefore the

formula (52) gives:

0.98 (1 +0.5) - (—23)- 0.1
- = 0.9903339
T 051 +05) + (0.98+0.5)[(—23) - 0.1 + 0.5]

. Henriot’s formula

Since w; =-23, R’ = —0.5, equation (55) gives

B 0.98 - (—23)
~ Z0.5-10— (0.98 + 0.5)

Me = 0.9903339

1 Conclusions

With reference to the problem of computing the mechanical efficiency of a 2 d.o.f.

basic EGT, a new analysis of the formulae originally deduced by Radzimovsky
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has been given. This analysis, based on the principle of virtual work, allows
interpretation of the Radzimovsky’s formula as a particular case of the more
general expression for computing the efficiency of two parallel mounted units.

Also, derivation of six other methods described and the results for an example
problem using all methods was provided. Notwithstanding the apparent alge-
braic differences in the formulas presented, it has been shown that the different

approaches are numerically equivalent.
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