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The set of coordinates

© Minimal set of coordinates (ODE)
® Redundant set of coordinates (DAE)
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Matrix method for computing
the d.o.f.

Let

e nthe number of coordinates qx (k=1,---,n) adopted
for the definition of the mechanial system configuration;

e p the number of independent equations that can be
established between the infinitesimal variations

(6q1 ) 6q25 te ’5Qn)-
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e nthe number of coordinates qx (k=1,---,n) adopted
for the definition of the mechanial system configuration;

e p the number of independent equations that can be
established between the infinitesimal variations
(5q1 ) 6q2a e ’5qf7)'
The degrees-of-freedom of the mechanical system follow
from (Wittaker, 1917)

F=n-p. (1)
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Matrix method for computing
the d.o.f.

Let

e nthe number of coordinates qx (k=1,---,n) adopted
for the definition of the mechanial system configuration;
e p the number of independent equations that can be
established between the infinitesimal variations
(5q1 ) 6q2a e ’5qf7)'
The degrees-of-freedom of the mechanical system follow
from (Wittaker, 1917)

F=n-p. (1)

It should be observed that p coincides with the rank r of the
equations constraints Jacobian matrix.
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Differential-Algebraic Equations (DAE) system (differential

index 3)

M) {&} + [wi] {7} = {Fe}
=0

(2a)
(2b)
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Differential-Algebraic Equations (DAE) system (differential

index 1)

M) {a} + [wi] {7} = {Fe}
Wal {a} = {7}

(3a)
(3b)
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Main steps of the simplest
numerical integration procedure

@ Given the initial conditions at time t: {q(t)}, {q(t)}.
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@ Given the initial conditions at time ¢: {q(t)}, {q(t)}.
® Compute accelerations {q(t)} and Lagrange multipliers

ey 1
. 71—
ql_ M v, Fe (4)
A Vv, 0 g
@ Estimate positions {g(t + At)} and velocities
{g(t+ At)} attime t + At by finite differences.
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For the purpose of block solution, the mass matrix is first
1 1
s deCOmMposed such that [M] = [M]2 [M]z, then (3) is rewritten

the range space

methods as follows:
L o LT Hlfg\_/[Q (5)
HT —LT 0 L AU

(L] = [M]z . (6)
M =[] vl )

where

[L+] = chol ([H) [H]) . (®)
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Range space method (cont.)

@ Compute Lagrange multipliers

DE =7 b = L) (T @ - 1) (@
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Range space method (cont.)

© Compute Lagrange multipliers

DE =7 b = L) (T @ - 1) (@)

® Compute the generalized accelerations vector

= (@ - )

(10)
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Since [L1] is an upper triangular matrix, the use of
specialized procedures (e.g. DTRDI of LAPACK) is
recommended for its inversion.
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is factored as follows

Miy My W] I 0 MyR;!

Moy Moo \u;] [RZTR1T I MR

v, W, 0 0 0 L
0 M1QZ_T R1T /I 0 0
0 L 0 [o Lr o]
R, RLT 0 0 o LT
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the rangeZpace range space method
methods 1
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null space method

Figure: Floating point operations required by the two methods
e n, < % one should use the Range Space method
° n,> e

one should use the Null Space method
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Pitfalls

There are different problems associated with the
approaches just described:
@ Positions and velocity constraints are not necessarily
satisfied by the computed numerical solution (solution
drift).
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The null space and
the range space

i There are different problems associated with the
approaches just described:

© Positions and velocity constraints are not necessarily
satisfied by the computed numerical solution (solution
drift).

® The constraints equations must be independent. (Thus
the procedures do not work for overconstrained
mechanical systems).
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Baumgarte’s stabilization

V=Vv(q,1)=0
V=V, {¥} =0,
V=veg—7y=0
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Baumgarte’s stabilization

V=V(qt)=0
V=V, {¥} =0,
V=V,g—7=0

The criterion of Baugarte tries to damp oscillations of
constraints violations

WV + 2oV + 2V =0,

For critical damping a = .
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During the numerical integration of

The null space and
the range space
methods

M) {a} + W] {7} = {Fe}
[Wal {8} = {7}

position and velocity constraints fail to be satisfied, the right
side of the acceleration constraint is altered as follows

{7} = {7} — 20 {w} - 6 { ¥} (12)

where « and g are the gain parameters usually chosen such
that a = .
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The DAE system to be integrated is thus transformed to

e ST
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Other numerical integration
procedures of multibody
dynamics DAE systems

©@ Maggi like methods. (Orthogonalization of constraints).
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© Maggi like methods. (Orthogonalization of constraints).
@® Coordinate partitioning method.
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Other numerical integration
procedures of multibody
dynamics DAE systems

© Maggi like methods. (Orthogonalization of constraints).
® Coordinate partitioning method.

@® Udwadia-Kalaba dynamic formulation based on the
least action Gauss’ principle.
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[M{@} + [Wgl” {A} = {Q} (14)

The idea behind the orthogonalization of constraints is the
elimination of reaction forces.
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Maggi like
methods

[M{@} + [Wgl” {A} = {Q} (14)

The idea behind the orthogonalization of constraints is the
elimination of reaction forces.
For this purpose we need a matrix [V] such that:

{a} = [VI{v}
[Wql [V] = [0]
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i {g} =[V]{v}+ [V] {v}

Orthogongliza'tion
Mgt the equation of dynamics [M] {g} + [Wq]” {\} = {Q} are
methiods transformed into

VIT M IVI{V} = VIT{@} + 1T M [ V] (v} (19)
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@ The set {v} of independent coordinates and the matrix
[V] is not unique.

® There are different numerical methods for the
computation of matrix [ V]
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An algebraic method for the
computation of matrix [V]

Let us append to the constraint vector {W} the vector of
conditions {®} that can be established between q (set of
coordinates) and v (set of independent coordinates)

{M st = { ¢\|(IV?21) } =0 (16)
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The time derivative leads to

Ml ey (V) + Ml e 10} = 0

(17)
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The time derivative leads to

[Mlimerycr (V3 + [Tal(nyxn {9} =0 (17)
Orthogonglization
Mamiie"= Assuming [[4] non singular and introduced the matrix
methods
[Vl =—[Tal " [TV] (18)

one obtains

{a} = [VI{v} (19)
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Numerical methods for
computing the matrix [V]

© Zero Eigenvalue method (Walton and Steeves, 1969)
® QR decomposition (Kim and Vanderploeg, 1986)

® Singular value decomposition (SVD), (Mani and Haug,
1985), Likins and Singh (1985)

@ The PUTD decomposition (Amirouche et al., 1988)
® The QTZ decomposition (Vita and Pennestri, 2004)
® The Schur decomposition (This investigation, 2007)
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Zero Eigenvalue method -
Walton and Steeves (1969),
Kamman and Huston (1985)

Let us form the matrix
[H] = [Wq] [Wg] (20)

Since [H],,, , is symmetric, all the eigenvalues are positive
and there exists the similarity transform

[T [HI[T] = [ (21)

where [T] is the orthogonal matrix of eigenvectors and [A]
the diagonal matrix of eigenvalues.



Coordinate
reduction

Pennestri,
Valentini

Numerical
methods

The matrix [T] can be partitioned as follows

[T]= [ [T1]n><(nfr) [T2]n><r

where [T1] are the eigenvectors associated to zero
eigenvalues.
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The condition of orthogonality holds

[Vl [T1] = [0]
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The condition of orthogonality holds

[Vl [T1] = [0]

~VI=[T]
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[Wo]” = [Qilnx(n-F) [Qelnxr } [ [Firlrcm ] = [Q1] [R4]

Numerical [0] Fxm

methods (24)
where [Qq] and [Qy] simultaneously satisfy the conditions

[Q] [Q1] = [0] (25)
[Q]" (@] = [1] (26)
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QR decomposition (cont.)

[Q2]" [Wo]" = [Qe]" [Qi][R] = [0]

V) = (@]

(27)
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SVD method - Singh and Likins
(1985), Mani and Haug (1985)

" = [ Mol Wilogon ] |
= [Wg] [M][U]T

where [Wi]T [W,] = [0]

[A1]r><r
[0](n—r)><r

|,
(28)
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SVD method (cont.)

[WilT [Wq]" = Wi [Wal [M][U]T = [0]

=T

(29)
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PUTD method - Amirouche at
al. (1988)

The method’s first step is to obtain the Householder
transform matrix [H] of [\Uq]T.

Then, through the Gram-Schmidt process,it is identified a
matrix [D2] such that

[D2)(n—ryxn [H)rn [Wl T = [0] (30)
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The matrix [D;] has the following block structure

[D2] = | [0](n—r)xr [l](”—f)x(”_’)]

S [VI=[H][Da]T
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The matrix [D;] has the following block structure

[D2] = | [0](n—r)xr [l](”—f)x(”_’)}

SV =[H][Da
Note: [D,] [H]T = [@:]".
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The Schur decomposition of the matrix [H] has the form

Numerel [K1" [H[K] = [U] (32)

where
e [K] is a unitary matrix
e [U] an upper triangular matrix.
The eigenvalues of [H] are on the diagonal of [U].
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Schur decomposition (cont.)

The matrix [K] can be partitioned as follows
[K] = [K1]n><(nfr) [K2]n><r (33)

where [Kj] are the generalized Schur vectors associated to
zero eigenvalues.
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[Vl [Ki] = [0]

- V] = [Ki]
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The coordinate partitioning
method

In multibody dynamics the coordinate partitioning method is
an historically important computational scheme.

The scheme received extensive application in multibody
dynamics by Haug and his coworkers Wehage, Nikravesh
and Shabana.
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The coordinate partitioning
method (cont.)

The set of coordinates is partitioned as follows:
v
@-={1
where

o {u}=dependent coordinates
e {v}=independent coordinates

(35)
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The coordinate partitioning
method (cont.)

The set of coordinates is partitioned as follows:

@-={1 (@)

where
o {u}=dependent coordinates
e {v}=independent coordinates

{u} = {h(v)} (36)
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The coordinate partitioning
method (cont.)

The velocity
Vol {q} = — {V:}
and acceleration

[Wol{a} = {r}

constraints can respectively rearranged in the form
Wl (&} + Wil (7} = = { ¥ |
Wl {u} + W] {V} = {+}



(41)

N

Q>
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Equation of dynamics in partitioned form
[M™{V} + MY {a} + W] {0 = {Q")
(MW {7} + [M){u} + [Wo) T {2} = {Q%}
WVl mx(nry {0} + W] mup {V} = {7}

(42)
(43)
(44)
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The coordinate partitioning

method (cont.)
Eliminating A and U one obtains

] (v} = { @} (45)
where
W] =] = (M ] (v
Sl (vl ) (M) - ] )
(46)
and
{@} ={a"} - M1 wa) ' (1)

~wd (v ™) (107 - M vl ()
(47
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Steps of the coordinate
partitioning method

@ Partition the vector {qg} of coordinates;
® Given {v} and {v} determine {u} and {u} at time ¢
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@ Partition the vector {qg} of coordinates;
® Given {v} and {v} determine {u} and {u} at time ¢
® Compute v from

W] = {8

coordinate
partitioning

method O Compute & from

Wul{d} = = [Wo]{V} + {7}
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The null space and

@ Partition the vector {qg} of coordinates;
® Given {v} and {v} determine {u} and {u} at time ¢
® Compute v from

W] = {8

coordinate
partitioning

method O Compute u from
Wl {0} = - W] {V} + {7}

@ Integrate and compute {u}, {v}, {u}, {v} attime t + At
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If we let
M~ = M2 (M2
[D] = [Wg] [M] 2 |
{6} =M {Q} .

then the accelerations can be computed as follows

(g} = {g + M2 [DI* ({n} — [Vl {&r}) -
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Table: Comparison of computational efficiency of the constraints
orthogonalization methods.

Method CPU Time (s)
Coordinate partitioning 11.45
QR 2.64
PUTD 4.83
SVD 2.73
Zero Eigenvalue 2.72
Comparison Schur 2.74

of methods

Udwadia-Kalaba 3.17
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Conclusions

© A review and comparison of methods for the
orthogonalization of constraints has been presented.
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Conclusions

© A review and comparison of methods for the
orthogonalization of constraints has been presented.

® The Schur decomposition has been herein proposed
for the numerical computation of the null space of the
Jacobian matrix.



Coordinate
reduction

Pennestri, COﬂClUSIOnS

Valentini

© A review and comparison of methods for the
orthogonalization of constraints has been presented.

® The Schur decomposition has been herein proposed
for the numerical computation of the null space of the
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Zero-Eigenvalue method and Schur decomposition.
The similarity transformation may not exist, whereas
Schur decomposition can be always obtained for any
square matrix.
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© A review and comparison of methods for the
orthogonalization of constraints has been presented.

® The Schur decomposition has been herein proposed
for the numerical computation of the null space of the
Jacobian matrix.

® There is a subtle difference between the
Zero-Eigenvalue method and Schur decomposition.
The similarity transformation may not exist, whereas
Schur decomposition can be always obtained for any
square matrix.

@ The numerical accuracy seems not influenced by the
method used for the orthogonalization. However, this
may not be necessarily true for large scale problems.
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Conclusions

© A review and comparison of methods for the
orthogonalization of constraints has been presented.

® The Schur decomposition has been herein proposed
for the numerical computation of the null space of the
Jacobian matrix.

® There is a subtle difference between the
Zero-Eigenvalue method and Schur decomposition.
The similarity transformation may not exist, whereas
Schur decomposition can be always obtained for any
square matrix.

@ The numerical accuracy seems not influenced by the
method used for the orthogonalization. However, this
may not be necessarily true for large scale problems.

@ Computation of rank at each integration step may be
avoided if the d.o.f. does not change.
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orthogonalization of constraints has been presented.

® The Schur decomposition has been herein proposed
for the numerical computation of the null space of the
Jacobian matrix.

® There is a subtle difference between the
Zero-Eigenvalue method and Schur decomposition.
The similarity transformation may not exist, whereas
Schur decomposition can be always obtained for any
square matrix.

@ The numerical accuracy seems not influenced by the
method used for the orthogonalization. However, this
may not be necessarily true for large scale problems.

@® Computation of rank at each integration step may be
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