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Abstract

It is well known that classical Coulomb dry friction model does not portrays impor-
tant physical phenomena occurring in the contact between mating surfaces. Moreover,
the discontinuity of force at zero velocity has many drawbacks during numerical simu-
lations. In the attempt of exploring alternatives to Coulomb friction model, this paper
present the application of the Dahl friction model in a multibody dynamics formula-
tion. The analysis herein presented includes also the modeling of friction forces in lower
pairs and some hints on the efficient computation of Lagrange parameters during the
fixed-point iteration process. Two numerical examples are offered.
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Nomenclature

Unless otherwise stated in the text, the following nomenclature is used:
- [A;]: tranform matrix from G; — z;y; to O — XY
- [Bi: a[A;]

dgs;

[C’ik]: tranform matrix from Pr — i, v, to Gi — :ys;
- F,: friction force according to Dahl model;

- F.: Coulomb friction force which is obtained multiplying friction coefficient 14 by
the force N normal to the surface;

- g : gravity acceleration;

- Gi — z;y; body fixed Cartesian system of axes with origin in the center of mass
of the ‘" body;

- J: number of kinematic pairs;

- L: slider length;

- m;: mass of the i*® particle;

- [M]: the mass matrix;

- O — XY inertial Cartesian system of axes;
- {q}: generalized coordinates vector;

- { @i—2 gsi—1 }: Absolute coordinates of center of mass of the i*" body;



- g¢3i: Angular position of the ¢*® bodys;

_ { fjk)} = { Fo, Fo, T }T generalized friction force acting on the body ith
through the k' kinematic element;

- {Qa}: Generalized vector of friction forces;

- 7k radius of the bearing;

- x,: relative tangential displacement between mating kinematic elements;

- t: time;

- T: period of free mass oscillation in the absence of friction;

- Upl Ty

- z: elastic displacement between contacting surfaces;

- v} = ([Wql{d}), {d}

- {\}: the vector of Lagrange multipliers;

- Ms, pa: static and dynamic Coulomb friction coefficients, respectively;

- [¥4]: the Jacobian matrix of the kinematic scleronomic and rheonomic constraints

- o coefficient of contact stiffness of the Dahl friction model;

- Py — xi, ys, the joint Cartesian system of axes associated with the k'™ kinematic
element of the i bodys;

- chol(-) Upper triangular matrix resulting from Cholesky factorization;
- sgn(vy) = 41 if v, > 0, sgn(v,) = =1 if v, < 0;
- The upperscript + denotes the pseudo inverse of a matrix.

- Dots denote differentiation with respect to time.

1 Introduction

Friction is a very important factor in mechanical systems. Because of its importance
one should take it into account at the early stages of engineering design. In order to
reduce the differences between numerical simulation and experimental results, friction
models should be embedded in multibody dynamics equations.

The availability of sophisticated measurement techniques and the great practical
importance of the topic stimulated experimental tests for the analysis of elastic and
plastic deformation forces between the surfaces asperities in contact. Devised in 1785,
the Coulomb dry friction model portrays kinetic friction in a satisfactory manner for
engineering purposes. The transition from static to kinetic is instead handled by means
of a physically unrealistic instantaneous change of force. Obviously the inadequacy of
testing equipment at Coulomb’s times did not allowed the distinguished French scientist
to give a more detailed account of the friction phenomena. It should be observed that
the simplicity of the Coulomb dry friction model is only apparent. In fact, there are
several numerical challenges in the numerical simulation of systems with embedded
such a model. The situation is very well depicted by the following statement of C.
Glocker [1]



With that friction law, one has chosen one of the most complicated force
laws that occur in application problems. It seems so easy and so clear at first
view, however, when trying to apply it, or even just trying to write it down
a mathematical expression, one immediately encounters a lot of serious and
not expected problems of different nature.

Regardless of this, there is a vast amount of literature dealing with the development
of models embedding Coulomb friction. For instance, thoughtful contributions to the
problem of impact in multibody systems in the presence of Coulomb dry friction are
due to F. Pfeiffer, C. Glocker [2], Y. Wang, Mason [3], S. Ahmed, I. Han, B.J. Gilmore
[4], H.M. Lankarani and M.F.O.S. Pereira [5], H.M. Lankarani [6], W.J. Stronge [7], D.
Centea, H. Rahnejat, M.T. Menday [8].

Experiments evidenced many complex friction phenomena not covered by the dry
friction model. However, despite the effort of many researchers, friction physical mech-
anisms still elude a complete and comprehensive quantification. Broadly speaking two
different friction states can be observed: the sticking and the sliding phase. During the
sticking phase, when relative motion between contacting surfaces is absent or observed
at microscopic level only, friction force is predominately a function of displacement.
During the sliding phase velocity may have a not negligible influence, as observed for
instance in the Stribeck effect.

The growth of precision applications and the need of reliable control schemes brought
to the development of innovative analytical friction models and parameter identifica-
tion procedures [9, 10, 13, 12, 14, 15]. The challenge was the casting of a friction model
with the following features:

- reasonable mathematical complexity;
- capability to capture the essence of the complicated friction phenomena.

In 1968 P.R. Dahl [9] proposed an innovative friction model. This was based on
the experimental evidence that small amplitude friction forces were reacted against
by small elastic restoring forces. From this observation, a solid friction model was
developed. The Dahl dynamic friction model was later improved by H. Olsson et al.
to include the Stribeck effect [13].

The authors of this paper investigated the possibility of embedding the Dahl fric-
tion model into a multibody dynamics formulation. Although there is not a general
consensus on the best dynamic friction model, a comparative investigation observed
that the Dahl model provides a reliable representation of friction behavior near zero
velocity [12].

The purpose of this paper is to discuss also the difficulties involved in the simulation
of planar linkages with friction and to test the introduction of the Dahl friction model
in a multibody dynamics code. The main reasons for adopting such a model are:

- the accuracy of the model has been confirmed by experimental tests in many
practical cases;

- avoidance of the mathematical discontinuity at zero velocity.

In our analysis we admit rigid body motion, absence of impacts and clearances in
kinematic pairs.

This paper is organized in four parts. In the first part the classical dry Coulomb
model is discussed, some of the difficulties involved are mentioned and previous contri-
butions of analysis of planar linkages with friction reviewed. The second part focuses
on internal states friction modeling with particular attention to the Dahl model. The



third part presents the proposed dynamic formulation and the modeling of friction in
revolute and prismatic pairs. In particular, the modeling of friction in revolute joints
has been refined with respect to the one presented in [35]. Moreover, it has been shown
that the computation of Lagrange multipliers during fixed-point iteration does not in-
volves the computation of generalized accelerations. Finally, the fourth part includes
numerical examples and conclusions.

2 The dry friction Coulomb model and inherent
difficulties

In linkages with one or two degrees-of-freedom, the friction in revolute pairs should not
alter the direction of reactions in a sensitive manner. Thus, under such circumstances,
engineering analysis usually ignores friction. This assumption is unjustified if a small
change of configuration produces large changes in the magnitude of related forces. This
situation, common for instance in mechanical presses, happens in mechanisms whose
configuration is close to singularity.

The Coulomb dry friction model is widespread in the modeling of mechanical sys-
tems. Although has been critically reviewed by many researchers, it is still widely
applied and considered reliable in many instances.

The Coulomb dry friction model of prismatic and revolute pairs is often discussed
at basic textbook level.

The usual scheme used to introduce the Coulomb empirical law is shown in Figure
2 and refers to a one degree-of-freedom mechanical system.
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Figure 1: The introductory example of Coulomb dry friction model

Coulomb law states that friction force F. is bounded in magnitude by the product
of the reaction force normal component (N) times the friction coefficient (pq).

If v, = 0 then F. < us |N|. Otherwise, if v, # 0, then F. = —puq |N|sgn (vr).

It is evident that differential equations of models with Coulomb friction contain
discontinuities of the state variable v, which complicate their solution.

Despite its apparent simplicity, there are different numerical problems which plague
the simulation of mechanical systems subjected to Coulomb friction.
Non-uniqueness and non existence of solution for accelerations.

The first monograph pointing out such problems has been authored in 1895 by P.
Painlevé [18]. In the preface it is stated:

La connaissance de la loi de frottement du systéme S et des forces actives
permet de calculer le mouvement de S, mais laisse parfois le choix entre
plusiers mouvements possibles répondant aux mémes conditions initiales.



An example of such non-uniqueness of solution has been provided by P. Painlevé (see
[18] p.93) and further thoughtfully discussed by H.J. Klepp [19, 20] and P. Dupont [21].
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Figure 2: Example proposed by Painlevé to discuss non uniqueness

With reference to Figure 2 let us consider the point masses mi and me sliding
along two horizontal parallel lines. The masses are connected with a massless rigid bar
forming the constant angle o with the horizontal line. Let I} and F> be the horizontal
forces acting on the masses mi; and meo, respectively and pq1 and pge the friction
coefficients between the masses and the lines.

Assuming, m1 =mao =1, F1 > 5, 0< a < %7 Md; > [ds, the dynamic equilibrium
equations for the two masses are

T1=F1 — Rcosa —epuq, Rsina (1a)
T2 = F>+ Rcosa —epg, Rsina (1b)

where R is the force along the connecting bar and

+1, when Rt >0
£ =
—1, when Rt <0

Because of connecting bar rigidity &1 = &2, therefore from the previous equations, one

obtains
FL—F

- 2cos a + € (ftdy — Hay)Sina

3)

When
2cosa < (fa;, — pa,) sina (4)

and the algebraic signs of (Fi — F2) and & are the same, the equations of motion (1)
give the choice of two possible motions.

Another classical example, used to elucidate an apparent inconsistency associated
with Coulomb friction law and rigid body motion, has been also discussed by Painlevé
in a series of papers [18, 22].

With reference to Figure 3, a disc of mass M, radius r, radius of giration k, angular
velocity w is sliding with velocity v, on a planar surface. The center of mass G does
not coincide with the center C' of the disc. The bodies in contact are rigid and the disc
always maintains contact with the surface. Rolling friction is neglected.

From the dynamic equibrium conditions one obtains

MXg=F., (5a)
MYg =N — Mg, (5b)
Mk*o = F.b— Na . (5¢)
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Figure 3: Example proposed by P. Painlevé (1905) to discuss the homonym paradox [22]

For Yo = 0, then Yo = aw — (b —r)w?, and from (5) the following equality can be

established?
M [(r—b)w’ +g] k* = N (a® + k*) — Feab . (6)
When [(7‘ —b)w? —|—g] > 0, assuming a > 0, b > 0, N > 0, F, > 0, then from (6)
follows ) )
F. k
Ze K Aan (7)

N ab
This inequality is not consistent with the value of pg required by the Coulomb law.
Apparently Coulomb law is not consistent with rigid body dynamics. However, as
remarked by D.E. Stewart [23], this line of reasoning is flawed by the assumption that
all forces are bounded functions of time. In fact, one should not rule out the possibility
that the velocity X¢ could be brought to zero instantaneously by impulsive contact
forces. In such a case no longer holds the Coulomb equality F. = pqN.
Friction force discontinuity is a challenge for the numerical integration pro-
cedure.

The sudden change of force associated with the change of velocity sign causes the
numerical integration algorithm to reduce the size of the step. This obviously increases
computation time and accuracy. In the attempt to diminuish the sensitivity to the
discontinuity, numerical algorithms of low-order and low-accuracy are sometime used
[24]. Alternatively, smooth nonlinear friction law instead of the Coulomb’s friction law
can be used. For instance, the following law is often adopted [9, 14, 25|

F, = —utanh (%) N (8)

where v is a limit speed at which microsliding occurs. This approach has the adverse
effect of making stiff the ODEs system [14]. Thus a trade-off must be chosen to select
the appropriate value of 7. Another drawback is that at zero relative velocity the
computed friction force is also equal to zero.

A review of alternative continuous friction force laws is presented by B. Armstrong-
Helouvry [10]

An interesting approach to numerical integration of differential equations with dis-
continuities is due to A.F. Filippov (see [36], p.213 for an application of such approach).

IThe minus sign before F is due to the orientation of v, assumed in Figure 3.
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Figure 4: Smooth friction law

Let us assume that the following differential equation must solved

f7L for v, >0
fm forv. <0

When the condition

vr (t,q,4) =0 (10)
is fulfilled, Filippov introduced a new solution of the differential equation by allowing
the right-hand side term to be a linear combination of its extreme values

j=efT+1—e)f ,ecl0,1] . (11)

Combining (10) and (11) one obtains a differential-algebraic equations (DAE) system
to be solved for ¢, ¢ and .

In particular, introduced the directional derivatives of the switching functions

o ovy ov, . Ovr

+ . +

Dy ==k + aqq+ aqf , (12)
_ ovy ov, . vy ,_

Du, i=—r-+ PRl aqf : (13)

if v, = 0 and provided that such directional derivatives have opposite algebraic sign,
then [36]

._ Dvlfm — Do f*

= 14
1 Dv — Doy (14)
and
Du,”
E=—-——" . 15
Dvt — Dvs (15)

In kinematic pairs with no relative motion the computation of friction forces
is not straightforward.

An updated list of references on the influence of friction on mechanical systems
has been compiled by R.A. Ibrahim [26] and B. Armstrong-Hélouvry, P. Dupont, C.
Canudas [27].

Most of the previous comments on the difficulties of simulating mechanical systems
subjected to Coulomb friction are very well condensed by the statement made J. de
Jaléon and E. Bayo in their textbook [28]:



The mathematical model for the Coulomb friction is not easy to implement
in general purpose codes, even for the simplest cases. It is not currently
implemented with generality in any commercial simulation package to the
authors’ knowledge. The difficulties stem from the switching between sliding
and stiction states involving a change in the number of the system degrees
of freedom and the need to iterate, in the sliding state, for each acceleration
evaluation.

Another excellent example of the numerical difficulties associated with the simula-
tion of systems composed of masses subjected to classical Coulomb dry friction model
is provided by Pfeiffer and Glocker [2] (see p. 7).
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Figure 5: Combinatorial problem associated with motion simulation of sliding masses sub-
jected to Coulomb friction (adatped from [2])

With reference to Figure 5, let us consider ten masses collected into a pile with
sliding contacts and subjected to gravity. There are three possibilities for the motion
of each mass: move to the left with v~ velocity, move to the right with v velocity, or not
move at all. This results into 3'° = 59,049 possibilities of combinations of constraints
to be tested at each integration step. The task associated with the combinatorial
problem is usually simplified by introducing the concept of complementarity behavior
of unilateral contacts (e.g. [1, 2]).

3 The Dahl dynamic friction model

The Dahl model [9, 10, 11, 12, 13] is based on the observations made during experimen-
tal analyses on systems with ball bearings. He noted that, within a certain limit, input
forces were reacted by elastic restoring forces. These are due to the quantum mechan-
ical bonds between the surfaces in contact. These bonds break once the input force
exceeds a given limit. This behavior is somewhat similar to the one observed in mate-
rial deformation tests. Hence Dahl developed his continuous friction force-displacement
relationship on the base of the analogy with stress-strain behavior. Continuing with
this analogy, for Dahl the transition from static to kinetic friction corresponds to the
transition from elastic to plastic deformation in ductile materials. Hence, for low tensile
loads, a spring-like behavior is observed. After the relaxation of the load the system
returns into the original unstressed state. When the load is larger the bonds break and
the system will not return to its original state and an hysteresis appears.

The bristle model, depicted in Figure 6, is commonly used to convey the reasoning
behind the described behavior.
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Figure 6: The bristle analogy for Dahl model.

Up to a certain applied load, the intersection point of the bristle neither changes
nor moves. The elastically deformed bristles return to their original state after the
load removal. The stiffness o of the bristle characterizes the elasticity of the contact
surfaces. Once exceeded the elastic resistance, the entire brush moves and a permanent
displacement occurs. The Dahl model introduces a lag in the a Coulomb friction model
when relative velocity reverses sign.

Let x, and v, be respectively the relative tangential displacement and relative ve-
locity between the mating surfaces of the generic k" kinematic pair?. According to
Dahl the actual friction force F, and the Coulomb friction force F. are related by the
differential equation

dF, _ Fa . “
praliaid (1 7, Sien (vr-)) (16)
where

- o is the contact stiffness coefficient, it can be interpreted as the slope of force-
displacement curve at F' = 0;

- «a is a parameter influencing the shape of the F,(z) curve.

Since dz, = v.dt, according to [16], the Dahl model is also expressed by the following
differential equation

— %Sign (vr)

" an (1 _ %Sign (vr)) . (17)

c

As shown in Figure 7, the parameter o determines the shape of the input force-
output displacement hysteresis maps of the Dahl model®. This parameter was used by
Dahl for matching experimental results. The empirical values of « = 1 and o = 1.5 are
usually hinted [12]. For a > 1 the right-hand side of (17) is Lipschitz continuous [16].
In the theory of differential equations, Lipschitz continuity is the central condition of
the Picard-Lindel6f theorem [17] which guarantees the existence and uniqueness of the
solution to an initial value problem.

Alternatively, according to [15], after we let

F,=o0z2, (18)

2The subscript k in the formulas of this section is omitted for simplicity.
3The plots have been generated with the following data F. = 0.75, o = 15, x = 0.1sin0.1¢.
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Figure 7: Dahl model: Influence of o on the force-displacement curve.

equation (16) can be rewritten in the form

% = v, (1 — %sign (vr)) . (19)
There are several bibliographical references (e.g. [43, 44] ) where procedures for the
identification of friction parameters a and o are discussed and applied to practical
cases.

The use of dynamic friction models in multibody dynamics code has been discussed
by M. Morandini (see [29], p.496-498).

4 Force analysis of linkages with Coulomb friction
- Review of previous contributions

This section mainly reviews analyses of planar linkages and mechanisms in the presence
of Coulomb friction. Our review will be focused mainly on treatments reported in
textbooks.

One of the first textbooks entirely dedicated to the analysis of linkages with Coulomb
friction has been authored by G. Herrmann [30]. His graphical method of analysis con-
siders systems with both revolute and prismatic pairs. Mechanical efficiency analyses
of simple levers and simple linkages are executed under the hypotheses of impend-
ing motion and static working conditions (See Figure 8 for a sample of the graphical
constructions required by the method of Herrmann).
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Figure 8: Graphical constructions of G. Herrmann (From [30])

A noteworth contribution is due to H. Lorenz [31] who included in his textbook the
free-response solution of a mass and spring with Coulomb friction.

The influence of friction in sliding and hinge joints during the static analysis of
mechanisms is also discussed more recently by B. Paul [32]. The analysis is executed
under the assumption of impending motion. In his textbook is outlined a procedure
strictly valid only in the limit of vanishing coefficient of friction. In particular, for
the slider joints, five possible orientations of the slider within a guide with a small
clearance are considered (see Figure 9). The fifth mode, although theoretically possible,
is excluded from the analysis.

With reference to Figure 9, let N1 and N2 be the force components orthogonal to the
direction of relative motion slider-guide and F1 = —u sign(v,) N1, Fo = —p sign(vy) N2
the corresponding friction forces. For consistency with the compressive load exerted
between slider and guide, the line of action of N; and N2 is expected to be within
the length of the slider. Thus, the distance e of these lines of action with respect to
revolute center P must satisfy the inequalities —a’ < e < a”.

11
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Figure 9: Possible orientations of slider and associated reactions (adapted from [32])

Assuming no friction, reactive force Ny and torque My about P are initially com-
puted, then according to the prevailing contact mode, the appropriate set of formulas
is applied:

e Contact mode 1
— MO

N1 = N() 5 e = FO 5 (20)
e Contact mode 2 M
]\72:—]\707 62?;)7 (21)
e Contact mode 3
" _ !
Ny &N =M @ Not+ Mo (22)
a/ _|_ a// al _|_ a/l
e Contact mode 4
a”No + My a”No — My
Nl = a’ + a ) N2 == a’ + a : (23)

e Contact mode 5 (unlikely to occur and of little interest in problems of Statics).

Assume Assume Assume Assume
Mode 1 Mode 2 Mode 3 Mode 4

Figure 10: Logic to establish contact mode between slider and guide (adapted from [32])

The contact mode is a priori unknown, but it is determined following the logic
summarized in the flow-chart of Figure 10. According to B. Paul, the computed mode
should be correct for the practical values of p used in machine dynamics simulation.

12



Once the prevailing mode is provisionally established, the contact forces N1 and N2 are
recalculated in the presence of friction. If these are negative, then a different contact
mode should be assumed.

The method described by A.S. Hall [33], aimed to inverse dynamic analysis, can be
summarized in the following steps:

1. Write all forces and moment equations, including the appropriate friction terms.
2. Set all friction terms equal to zero and solve for the forces.

3. Use the results of step 2 to evaluate the friction terms, substitute into the equa-
tions and solve again.

4. Re-evaluate the friction terms based on the results of step 3 and repeat until a
satisfactory accuracy is obtained.

The case of indeterminacy of friction force due to stiction is not contemplated, but the
possible force situations in a straight slider joint are considered (see Figure 11) in the
case of a small clearance.

- 5t

Figure 11: Possible force situations in a straight slider kinematic pair (adapted from

C. Bagci [34] deduced all equations required for the time response analysis of a four-
bar linkage with pair bearings affected by Coulomb friction. Inertia effects are included,
but the stiction phenomena is not taken into account. The modeling of friction forces
in journal bearings is based on the use of the friction circle concept.

J. de Jaléon and E. Bayo [28] discussed in their textbook the procedure originally
proposed by E.J. Haug et al. [35].

The procedure can be summarized in the following steps:

1. When all relative velocities v, in the kinematic pairs are different than zero, the
system of equation of motion

T .
M \Ilq q — Q + Qﬂ ()\) (24)
v, O A vy
is iteratively solved.
2. When the relative velocity at the r kinematic pair is zero, then a stiction constraint
¥ =0 (25)

is added and the following linear system solved

M el T q Q
¥, 0 0 A p=1 7 (26)
v, 0 0 A" ~"

13
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3. From A" the tangent force F. introduced by the stiction constraint is computed.
If such a force satisfies the Coulomb inequality F. < us |N|, then the constraint
is maintained, otherwise is released.

5 Dynamic analysis of planar linkages with Coulomb
friction

It is assumed that:

e the linkage satisfies the Griibler or Kutzbach criterion for the computation of the
degrees-of-freedom, thus there are not redundant constraints;

e there is not stiction in the kinematic pairs.

Decomposed the mass matrix such that [M] = [M]% [M] z , the solution of the matrix
equation of motion (24) is executed in two steps.

In fact, from the computational point of view it is convenient to split the computa-
tion of Lagrange multipliers from the one of accelerations.

For this purpose, (24) is rewritten as follows [36]

S I I S SR R B

where
L] =[M]? (28)
(H] = [L7'] [wg" (29)
(L] :chol([H]T [H]) . (30)

Thus, it can be demonstrated that
) =[L]7" {n) (31a)
with
= 1207 ()7 [E7HQ + Qe — {7}) - (31b)

Since @, depends on A, a fixed point iteration procedure must be applied for the
computation of Lagrange multipliers. In most of the cases few iterations are needed
for convergence. However, computational improvements can be adopted, as discussed
in [37].

Since [L1] is an upper triangular matrix, the use of specialized procedures (e.g.
DTRDI of LAPACK) is recommended for its inversion.

Afterwards, the generalized accelerations vector is computed by means of

(@ = [L7" (IL7HQ + Qu} — [H] {\}) (32)

or, alternatively, using the formula from the Udwadia-Kalaba formulation [38, 39, 40]

{@} = {dr} + [M]72 [D ({7} — [wa] {dr}) - (33)

14



where

{dr} = M] 7 {F} | (34)
(M) =M% M]3 (35)
(D] = [W,] [M]" %, (36)

and [D]" is the [D] pseudo-inverse matrix.

It is interesting to observe that the discussed dynamic formulation splits the compu-
tation of Lagrange multipliers from accelerations. In other words, fixed point iteration
procedure needs only to be applied to equation (31a) and not to the (24). With the
Coulomb model, as demonstrated by the Painlevé paradox, the existence and unique-
ness of a solution could not be guaranteed. Definitive statements on the existence of
the solution cannot be made observing only the convergence of the fixed point iteration
[37]. In fact, the divergence of the iteration is a necessary but not sufficient condition
for nonexistence of solution. Moreover, if the iterative procedure does not converge one
cannot conclude that the solution does not exists.

With the Dahl model, at current time ¢, the vectors

Z={=zn = ... 2 }", (37)
{fvy={ v v ... v, }T , (38)
(oy={ o1 o2 ... o5}, (39)
{Fo}={ o1z1 0222 ... 0sz; }T (40)

are known. The fixed point iteration applied to (31a) is required for computing F.,
(k=1,2,...,J). At the end of this iteration the vector {F.} of Coulomb friction forces
is obtained and the procedure can pass to the integration subroutine the accelerations
vector {G}, estimated by means of (32) or (33), and the vector

Fay |vr |
Fop

(3} = {v.} — : . (41)

Faylvr,|
Fe,

At time t + At the numerical integration subroutine will restitute positions {q}, veloc-
ities {¢} and the vector {z} required by the Dahl model.

6 Modeling of friction forces in lower kinematic
pairs

In the frictionless case, the generalized reaction force vector, reduced to the joint Carte-
sian frame, can be recovered through the following relationship

i (@) \1123“2 \I’%’Ez Ak
{va} = | v vl {1 (42)
\Ilq?)i \I’q3i

15
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LG
V4 q3i—2 -
Figure 12: Cartesian system of axes: Nomenclature
where [29, 35]
—[Ci, )" (A" 0
Rl = ; 43
o { s} VIA)T -1 43)
{#r}={"p wp )" (44)
{isk} ={ e, yr, } . (45)
0 1

Due to the presence of friction, force component Fy, tangential to the bearing surface
will appear. Since Ny denotes the normal force, then the following equalities hold

Fe, = paNi (47)

F,,, according to Dahl model, follows from (16).

The direction of Fy, is opposing the relative motion between the kinematic elements
of the pair. The components of N}, are initially obtained from the Lagrange multipliers
assuming absence of friction. Since the computation of Lagrange multipliers depends
on the external forces, a fixed-point iteration is required for computing both N and
F<, . For this purpose it is necessary to preliminary reduce the friction force to G; and
then transform its components in O — XY. In the following subsections the algebraic
equations required for the computation of generalized external forces due to the presence
of friction will be deduced for the case of revolute and prismatic pairs.

16
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Figure 13: Friction force in a revolute pair: Nomenclature

6.1 Revolute pair

For the frictionless case, assuming [C;, ] = [I] and the origin Py in the center of the
revolute pair, from equation (42) one obtains

ik Ak COS Q3i + Ak+1 Sin g3;
N} = ; =— . . 48
{Ne} { 'k Fy, } { — Ak sin gsi 4+ Ag41 cOs gs; (48)

The presence of Dahl friction generates the tangential force

_Fa i [ . .
{ S0 i } (g3 —g3;) <O

Fa,, cos s,
{Fa} = (49)
Fy,, sing, . .
i—q3j) >0
{ —Fa,, cos iy, (g5 @31)
where _ _
Wi, = ATAN2 (’“Fy’“Fx) . (50)

Hence, the corresponding generalized external force on the i'* body is

Z. A {Fo,}
{oil} :{ (it} (BT (A {F, ) } | 7

(o ={ o Je{micrig b o

where



Analogous computations need to be executed for {fo,j} The value of relative velocity

is vr, = (g3: — ¢3;) T, where r is the radius of the pin.

The proposed modeling is somewhat different from the one described in [35]. In
such a reference only the torque generated by the tangential friction force component
F,, is considered. This approximation is valid only for low values of pq.

6.2 Prismatic pair
For the frictionless case, the generalized reaction force due to a prismatic pair has two
non zero components:

- a force ** F}, normal to the axis of the pair;

- a torque 72

These components can be expressed as a function of Lagrange multipliers by means of
(42).

With reference to the geometry of Figure 14, the joint system of axes has the origin
in the corner P, = B; of the slider. The kinematic constraints for the prismatic pair
follow requiring that:

- the point C; of body j belong to the line, parallel to the axis slider, through the
corners A;, B, of slider i;

- there is not any relative rotation between the two bodies ¢ and j connected by
the pair.

]
(0] X g X 9.2 X

Figure 14: Joint system of axes in a prismatic pair
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From (42) follows

* K1
wF, o p=4 K2 (53)
Tz KS

where

K1 =0,
Ky =X [(YBl - YAi) sin (q3i + a) - (XBi - XAi) Cos (QBi + a)] s
K3 =\ [(g3i-1 — YB,) (YB, — Ya,)

+ (XBi - QBi72) (XAi - XBi) - Hl] - )‘kJrl .

Due to friction, a force components F,, and Ft, along the prismatic pair axis appear.
These forces are always opposite to relative velocity between kinematic elements.

Figure 15: Equivalent system of forces

With reference to Figure 15, let us consider an equivalent system of forces. The
torque 7, is substituted by two forces

R =T (54)

of equal magnitude, but different direction, acting on the opposite corners of the slider.
Hence, on the slider will be acting the following normal force components

Ny ="*F, —"*F ,
Np=""Fy .
The resultant Coulomb friction force, when relative velocity v;; # 0, is

Fe = Fe) + Fe, = —sgn (vij) pra (N1 + Na2) . (55)
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The relative velocity between the kinematic elements can be obtained by means of
the following expression

. . T
] Xa, = Xey
w={ §ET50 | (56)
with
(57)

{u} = vers Xa; = Xp; ,
Ya, — YB,

where vers means the unit vector.
Finally, after introducing the local coordinates of corners A and B in local system of

axes
i B,
b} = i 58
fu={ o=} (58)
the generalized friction forces acting on bodies i and j are respectively expressed by
the following equations:

@l — [A'Lk]{ F, 0 }T
{ }{ {0} (B ) (4] Fa 0 )7 } (59)

Analogous computations need to be executed for { Sﬁ,j}

7 Numerical examples

In this section will be presented the results of numerical simulations based on the
proposed approach. For this purpose a multibody dynamics code using the Matlab
programming environment has been developed. The ODE routine used for numerical
integration is ode23 with the following error control parameters RelTol=10"* and
AbsTol=10"". The kinematic constraints have been modeled by means of the method
described in multibody textbooks [41, 42]|. In all simulations Baumgarte stabilization
has not been applied. The value of parameter « is set equal to unity. The units are in
the SI system.

I) Free vibration response of a single d.o.f. mass subjected to Coulomb
friction

The system analyzed is depicted in Figure 16. The physical parameters of the
system are as follows: Mass m = 1 kg, stiffness & = 100 N/m, p=0.5. The initial
conditions are x = 1 m and & = 0.

Since an analytical solution is available [31], this has been used as a validation
test. This analytical solution has been reported in the Appendix. For comparison the
displacement and acceleration plots obtained using such solution are shown in Figure
17.
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Figure 16: One d.o.f. mass-spring system subjected to Coulomb friction
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Figure 17: Analytical solution: Free response analysis of spring-mass system

In Dahl formula (17) is set ¢ = 10000. The authors could not find a table relating
the Coulomb friction coefficients with Dahl friction parameters ¢ and a. The value
of o = 10000 has been chosen mainly to match as faithfully as possible the dynamic
response computed analytically. (see Figure 17 ). As stated before, o and « parameters
should be identified through experiments.

The plots of mass position, velocity and acceleration are shown in Figure 18.

The simulation has been carried out also using the Coulomb model. The response
plots of displacements and velocities are essentially identical with those obtained with
the Dahl model. For this reason they will be not herein reproduced. The main difference
can be observed in the acceleration plot during the stiction phase. The plot of Figure
20 shows the friction force computed with the Dahl model. After the the beginning of
the stiction phase the friction force continues to oscillate due to the elastic component
of the Dahl force which is never damped out.

Table 1 summarizes the computational effort data required for numerical integration
of the equations of motion using the classical Coulomb and Dahl models. These data
have been recorded from the Matlab output.
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Figure 18: Dahl model:
of spring-mass system
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Figure 19: Coulomb model: Free vibration response analysis (acceleration) of spring-mass

system
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Free oscillation of single d.o.f. mass. Friction force computed with Dahl model
6

— ™ ™
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Figure 20: Friction force computed with the Dahl model

Table 1: Free vibration response of mass-spring system: Comparison of computational effi-
ciency of Coulomb and Dahl friction models.

Friction  Successful Failed Functions
model steps attempts evaluations

Coulomb 3581 501 12247
Dahl 8371 155 25579

II) Free vibration response of a two d.o.f. mass-pendulum system subjected
to Coulomb friction

The second system analyzed is a two d.o.f. mass-pendulum system shwon in Figure
21.

The physical parameters of the system are as follows: Slider mass m; = 1 kg, bar
pendulum mass and moment of inertia mo = 1 kg, I» = 0.1 kgm?. The bar has length
L =1 m and the center of mass is in the middle. The mass is uniformly distributed
along the bar. The friction coefficient in the prismatic and revolute pairs is ¢ = 0.1.
The pin radius is 7 = 0.3 m. The initial conditiona are z = 0 = 0, £ = 6 =0. The plots
of mass position z and velocity & and bar angular position # and angular velocity 6 are
reported in the Figures 22 and 23, respectively. In order to appreciate the influence
of the o parameter on numerical results, the Dahl model has been initially used with
o =10 and then with o = 300 (see Figure 24).

With ¢ = 300 a faster decay of the vibration is observed. This result is consistent
with the physical significance of o discussed in the section 3 dedicated to the description
of Dahl model.

The numerical results for positions and velocities of the first example appear con-
sistent with those obtained analytically. The plot of accelerations differ mainly in the
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Figure 21: Two d.o.f. mass-pendulum system subjected to Coulomb friction

last part.

-0.4

Figure 22: System response of the two d.o.f. mass-pendulum system: mass position and
velocity (o =10 )
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Figure 23: System response of the two d.o.f. mass-pendulum system: bar angular position
and velocity (¢ =10 )
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Figure 24: System response of the two d.o.f. mass-pendulum system: bar angular position
and velocity (o = 300 )

8 Conclusions

This paper discussed the following items:

e introduction of the Dahl friction model in a multibody dynamics formulation with
the purpose to overcome some of the difficulties associated with the Coulomb dry
friction model;

e the modeling of friction forces in lower pairs;
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e the computation of Lagrange multipliers in the presence of friction.

In the classic dry Coulomb model, the friction coefficients, function mainly of the
materials in contact, are usually reported in standard engineering handbooks. Dahl
model is more sophisticated and before using it the values of o and o need to be
experimentally identified or obtained from previous studies. Experimental procedures
for 0 and « identification are available in the thematic literature.

The authors’ opinion is that in the field of multibody dynamics more dynamic for-
mulations with embedded dynamic friction models should be devised. In fact, although
they require the identification of parameters, usually not generally available in hand-
books, there is a general consensus that these models provide a more accurate descrip-
tion of the physical contact behavior than the Coulomb dry friction model. Some of
the mathematical disadvantages caused by the discontinuity associated with Coulomb
model are avoided with the Dahl model. In fact, when o« > 1, the Picard-Lindelof
theorem guarantees the existence and uniqueness of the solution for the differential
equation used to compute the friction force with the Dahl model. Moreover, the soft-
ware implementation of the Dahl friction model is not difficult.

The discussed modeling of friction forces in lower pairs is somewhat similar to the
one proposed by E.J. Haug and his coworkers. In their work only the torque generated
by the tangential friction force is included in the vector of generalized forces.

Finally, it has been shown how the computation of Lagrange multipliers by means
of fixed-point iteration is independent from the computation of accelerations. Because
of the reduced order of matrices involved, this results into a computational gain.
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Appendix:Free vibration response of a single d.o.f.
spring-mass system subjected to Coulomb friction

Since an analytical solution is available, this case is discussed mainly for comparative
purposes.
With reference to the scheme of Figure 16, let us denote with:

- m: the mass;
- k: spring stiffness;

- p: the friction coefficient (no distinction is made between static and dynamic
friction values);

- g: the acceleration gravity (set equal to 10 m/s?);
- xo: the position of the mass at time ¢ = 0;

- T period of free mass oscillation in the absence of friction;

27,

e )

- t/T: normalized time.

Assuming zero initial velocity, until j < 120‘227 the free response is described by the
following function [45]
t . Ky i 1y j—1_t _j
— | = 1—-(25-1 t—(—1)’ L < << 60
x(T) xo{ @ )ﬂcow2 coswt = )mowQ’ 5 <7=3 (60
cvng

The mass oscillation stops when j > T With the same numerical data of the
example, Figure 17 shows position and acceleration of the mass computed analytically.
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