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Abstract: The paper reviews different methods of orthogonalization of constraints adopted in multibody dynamics
formulations. A new approach, based on Schur decomposition, has been herein proposed. All the methods have been
implemented in the MATLAB computing environnement and CPU times required for a simple simulation have been
recorded.
1. Introduction

Multibody dynamics formalisms can be broadly splitted i categories according to the set of coordinates used.
Formalisms based oredundant set of coordinates are often used in commercial software such as MSC ADAMS
or LMS Virtual Lab Motion. Formalisms based onnanimum number of coordinates are less used, but usually
preferred in real-time computations.

Recursive dynamics appears an computationally effici¢etrative

In this paper, the problem of coordinate reduction will becdissed. Mainly orthogonalization methods will be
presented. In particular, the following numerical methfmtscoordinate reduction of state space dynamic formula-
tions will be reviewed:

Coordinate partitioning method;

e zero-eigenvalue method

SVD decomposition;

QR decomposition;

¢ Udwadia-Kalaba formulation
e PUTD method

e Schur decomposition

This last method is also herein proposed and compared witlr approaches.

Recursive formulations (e.g. [6, 4]) are not included irs thaview.

Since numerical implementation and computational efficyeissues are not always fully adressed in review
papers on constraints orthogonalization, the paper regoetMATLAB code and CPU time.

2. Nomenclature

- I: Moment of inertia of the ¥ gear;

F: degrees of freedom of the mechanical system;
- [M], mass matrix;
- m number of independent constraint equations

n number of coordinates

{q}, vector of generalized coordinates;

- {Q}, vector of external forces;

- r, rank of the Jacobian matrix;

- t, time;

- {u}, vector of dependent generalized coordinates;

- {v}, vector of independent generalized coordinates;
- {)\}, vector of Lagrange’s multipliers;

- {¥}, vector of position constraints;

- [¥,], Jacobian matrix of constraints;



- w, angular velocity;
- chol(+) upper triangular matrix resulting from Cholesky factotias;

- dots denote differentiation with respect to time.

3. Theoretical bases
The dynamics equations deduced with a redundant numbenoaodicates the following of algebraic-differential
equations (DAE) is obtained

[M]{i}+ (%) (A} = {Q} (1a)
{¥(q,t)} ={0} . (1b)
The presence of actively controlled components may alsodote differential constraints and thus require DAE
for mathematical modeling.
The total number of equationsris+-m with n+m unknownsj.e. then generalized coordinates andLagrange’s
multipliers related to the constraint equations.

A common strategy for solving (1) is the differentiation thviespect to time, of position constraint equations.
Hence (1) is transformed into the following DAE system ofeliéntial index 1:

& (3)-(9)

where{~} = — ([¥(] {d}), {d} —2[¥q:]{¢} — {Vu}. The (2), assuming full rank Jacobian, can be solved into two
steps:

For the purpose of block solution, the mass matrix is firsbdgeosed such thad/] = [M]% [M]%, then (2) is

rewritten as follows [10]
L 0 LT H il [ @ 3
HT LT 0 I ATy (3)

where
L] = [M]? (@)
=) = (L7 [, (5)
[L1] = chol ([H]T [H]) . (6)
Thus, it can be demonstrated that [24]
(A} =7 () (7a)
with
Db =07 (17 27 HQ - 4 - (7b)

Since[L4] is an upper triangular matrix, the use of specialized procesie.g. DTRDI of LAPACK) is recom-
mended for its inversion.
Afterwards, the generalized accelerations vector is cdatplly means of

{at =27 (I 4@} - (1 1) (®)

It must be stressed that, for a reliable numerical integngirocedure, the initial conditions must satisfy the posit
and velocity constraints [19].

4. Baumgarte constraint stabilization
Since after numerical integration of Egs. (2) position aalbwity constraints fail to be satisfied, the right side of
the acceleration constraint is altered as follows

{3} = (1} — 20 {w} - s { ¥} ©)

wherea and 3 are the gain parameters usually chosen suchdhat 3. The DAE system to be integrated is thus
transformed to .
M U q Q
q =
L S @0

5. Orthogonalization of constraints
In order to reduce the DAE system to an ordinary differerggaations (ODE) the elimination of the Jacobian
matrix ¥, of the constraint equations from (1a) is necessary. Thiscggh offers the following advantages:
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e The elimination of Lagrange’s multipliers when solving atjans:

e The possibility to partition the entire set of generalizedrinates into independent variables and dependent
ones;

e The transform of the DAE system into a ODE gives the oppotywfia wider choice of numerical integration
subroutines;

e Mechanical systems with a redundant number of constraintstb changing d.o.f. can be analysed.

In this section the elimination of Lagrange multipliersahgh the orthogonalization of constraints will be briefly
discussed. This approach dates back to G.A. Maggi [17, 9]16,

For our purposes a minimum sebf F independent coordinates is defined. Let us append to théraomisector
{¥} the equationg®} that can be established betweeandq. Thus, we obtain

(T} g pyr = { (I)\I(Jig?()]) } =0 (11)
The time derivative of (11) leads to
[Fu](m+F)XF {o} + [Fq](erF)Xn {¢} =0 12)

Assuming[I',] non singular and introduced the matrix

V]pxr = —[Lg) L] (13)

one obtains
{a} = [V]{o} (14)

When there is not any explicit dependence on time of comdgaiquations, the followingrthogonality condition is
deduced
[T ][V]=0 (15)

and the acceleratioriscan be expressed in the form
{a} = VI {o} + V] {0} (16)

Premultiplying both sides of the dynamic equation of systga) and taking into account (15) and (16), the vector of
Lagrange’s multipliers is eliminated from the differehBguations of equilibrium and the following ODE is obtained

V1" (] VI3 = VIT{Q} + V" (] [V ] {0} (7)

The matrix[V] is not unique, the main purpose of this paper is to illustiiaedifferent ways of obtaining it.
The set of coordinateg € " is partitioned into two sets € R andu € ®™ of independent and dependent

coordinates, respectively
w={} 18)

where{u},_ ), is the vector od dependent coordinates &nji., , is the one of independent coordinates. The
acceleration constrain{®,] {G} = {~}, through row operationse(. Gaussian elimination), can be rearranged in

the form ..
L = <19>

Wl ey L} + (Yol p {0} = {7} (20)

where[V,] is a nonsingular square triangular matrix with unit valuedte diagonal.
From the previous expression a relationship betwgands follows

o-(H[ ey e

By comparing (21) and (17) one can deduce

Vhwr = | 7100 1] (22)

or



and .
’ R (Vo] {7} 23
] ={ (29
Now it is possible to define the matrj¥’] in the presence of rheonomic constraints. In this case,iwisicommon
in applications, the expression of the constraint vect§digq, t)} = 0 and the expression of velocities changes into

(ol {d} = —{W:} (24)
Let us assume the correctness of the expression
{0} = [Blpyn {d} (25)

Because of singularities in the configuration of the meatalrsystem, the d.o.f. of the system may not be constant
during the numerical integration process. Moreover, th&imB| hasF' rows independent from the rows of the
Jacobian matrix.

As a consequence, combining (24) and (25), the followinge&sgion is obtained

RENPRCES ey (26)

where the left hand side matrix is not singular. The solutibthe previous system gives

O Rl I B S R TR @

—1
where matrix[S] is formed from the firsin columns of matrix{ [[\I/Bq]] } . Equation (27) contains, as particular

case, the expression (14).
By solving the system (26) the following expression is atali

[ [ e o)
- { A A ] = [é ?] (28)

which confirms the property of orthogonality also in the caSgheonomic constraints:

(Wl [V] = [0] (29)
and introduce the new one
[B][V] = 1] (30)
By differentiating (26) with respect to time the followingwation is obtained
Wol | [ {0}
{ [B] } {Q} = { {U} } (31)
which express the relationship betwelgr} and{j}. as
{q} = [S1{} + [VI{e} (32)
The term[S] {~} is obtained from (31) assumirig= 0 as follows
[
[ST{v} = |: [B] ] { {0} } (33)

6. An application of constraintsorthogonalization to the stability analysis of gear trains
Some type of analysis do not require the explicit computadiomeshing forces.
For instance, a model for the forward dynamic analysis of@dve.f. epicyclic gear train (EGT) can be described
by the following differential equations system

Sy =i b, 34

where



e [M]is reduced mass matrix,
e Ty, Ty2 andT,. are respectively the driving and resisting torques,
® wy1, wge are the absolute angular accelerations at the drivingshaft

e ¢ andb are constants function of gear ratios.

Under certain working conditions, it can be shown that tHealveor of the system is not stable [23].
For this purpose, let us assume that the motor speed-tocguness are linearized by means of the following equations

Ton = T3 + Ka1 (war —wgs) (35)

Taz =Ty + Kaz (waz — wgs) (36)
where the upperscrigtrefers to the values of variables at steady state condiBonilarly, the resisting torque-speed
curve can be also described by means of the linear equation

T, =T+ K, (w, —w?) (37)

T

wherew, denotes the angular speed of the output shaft. When (35)af86(37) are substituted into (34), after
taking into account the existing linear relationship bedwe,. and the input angular velocities;; andw,. of the
two driving shafts, with obvious nomenclature, one obtains

Ad)dl Awdl . Tgl — aT;’
with [KC] symmetric matrix. The solution of the homogeneous o.d.so@ated with (38) will have the following
algebraic form
Awar | _ At
{ Ay } ={X}e", (39)

where is the solution of the eigenvalue problem
[AM + K] {X} = {0} . (40)

It is self evident that positive values afs will reveal an unstable behavior of the system. Sincetipe of analysis
requires a preliminary computation pf1] and[X], in the section will be described a procedure for the contjmrta
of such matrices.

Let
(1)151'}1—(4}(11:0,
@QEbg—wdQZO,
and
rwo={ &0 -wm D)
the vector of constraints.
Once the matrix )
[V]=—[lu] [Te] , (42)
is introduced, the following orthogonality relationship
(W] [V] = 0] (43)

can be demonstrated [10, 20].
Making use of this condition one obtains .
M]=[V]" [M][V] (44)

and
K] = [V]"{T} , (45)

where
Kg1 (w1 —wdy)
{T} =4 Kaz(waz —wi,) (46)

K, (w, —w?)

is the vector of externally applied torques

1At this stage of the analysis procedure the valueBfyf, T'9, andT,? can be omitted.
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6.1 Application of thetheory to a practical case

Let us assume that is required to deduce the matfie¢sand[K] for the 2 d.o.f. gear train shown in Figure 1. This

EGT has been developed at the Ames Research Center, Maffdt(EIA) has been studied by Pennestri£j [21, 22]
regarding power-flow analysis, by Pennestri£j and Valefdmstability analysis [23] and, more recently, by Popa,
Pandrea and 8hescu [25] for dynamic analysis. From Table 1 one obtam$aliowing system of equations

77779 ————— = 5
Gol| | _
b -+ G3 4] 37 I—
,,,,,,,,,, —16 ————— Motor 1
) Il P —
,,,,,,,,,, ——Motor 2
A

Figure 1: Graph and functional representation of a 2 d.otary drive mechanism.

Fundamental Geari Gearj Transfer Gearratio Turning
circuit vertexk T pairs level
#1 2 3 1 T a,b
#2 5 4 3 Ty b,c
#3 5 6 3 T3 a,c

Table 1: Fundamental circuits look-up table (see Figure 1)

wo
1 —T1 0 0 0 w3

{\If} = [\I/w] {W} = 0 Tg — 1 —T2 1 0 wq = {0} .
0 T3 — 1 0 1 —T3 Wws
Wwe

Solving this set of equations w.rd3, ws andwg one obtains

w2
w3 = —,
T1
1—
ws = w2 + Towy ,
T1
T3 — T2 T2
we = Wy + —wy .
T17T3 73



Since

(1)151.11—012:0,
(I)QE@Q—W4:0,

from (42) the matrix

— 1 0
1
7 0
V] = 0o 1
1;17_2 T
T3-T2 T2
L 7173 T3 4

is deduced.
Finally, from the application of (44) and (45) one obtairespectively,

Is + ms6? T —1\2 Ty — 13\ >
'/\/111212_‘_37—2 bc+(27— >I5+ 2 3 Is |

1 1 T173
(1—7’2)7’2 (Tg—TQ)TQ
M12:M21 = I5+ ) IG s
A T17T3

2
-
Moy = Iy + Is73 + T—‘éfﬁ :
3

and

2
Kii=Ka + (TQ 7-3> K, ,

7173

Kiz =Ko = 22570 (7 _QTZ)KT ;

7'17'3

Koz = Kg2 + 5K, .
T3

An application of the Maggi’s like method to the dynamic atséd of the scotch-yoke mechanism is given by
Vlase [29].

7. Numerical methodsfor elimination of Lagrange’ smultipliers
In the example just discussed the mafii{ was obtained by hand computation. The methods reportedsin th
section are suitable for implementation in a software obm#tic multibody dynamic analysis (see Appendix).

7.2 Coordinate partitioning

In multibody dynamics the coordinate partitioning methsn historically important computational scheme. The
scheme received extensive application in multibody dycary Haug and his coworkers [31, 12].

By definition, the sub-Jacobidf, ] is non singular. Based on this partitioning and the DAE eiquatcan be
rewritten in the form

(M) {o} + [ i+ (] (0 = {Q") (47)
[V (i} + (M) {i} + (W] {0} = {Q} (48)
{ (w,0)} =0 (49)

The non singularity of¥,,] and the implicit function theorem guarantee thag con be locally computed as a
function of {v}, i.e.

{u} ={h(v)} (50)
The velocity
(Wl {d} = —{¥¢} (51)
and acceleration
(Wl {d} ={} (52)

2It is assumed that the Jacobigh,]” has full row rank.



constraints can respectively rearranged in the form

) i} + [0,] {8} = - {¥.} (53)
(] (it} + (W] {5} = {} (54)
Eliminating \ andii from (47), (48) and (54) one obtains [12]
1] iy = {@f (55)
where
(2] =[] = (e w7 ()
T (1) (0] - [ [, ) (56)
and

@} =1@"} - ][] ™" {3}
e (e ) (1@ - e ) ) (57)

The solution of the DAE system is therefore reduced to a s@DE system through the sequence of steps listed
below

1. Partition the vectofq} of coordinates;

2. Determing{u} and{«} at timet¢ by means of Egs. (53) and (50), respectively;
3. Solve Egs. (47), (48, (49) w.rfii}, {0} and{\};

4. Integrate and compufe}, {v}, {4}, {0} attimet + At

A critical review of different dynamic formulations is ofied in [28].

7.3 QR decomposition

According to this method, the Jacobian ma{rIx]]T is first rearranged as follows [15]:
" = [ @usiary @l 1| [ | =@l 1) (58)
[O]Fxm
where[Q:] and[Q2] simultaneously satisfy the conditions
[Q:2]" Q1] = [0] (59)
Q)" [Q2) = [1] (60)

The first condition is used to eliminate the Lagrange’s mpliirs in the equations of motion. In fact, considering
equation (58) and (59), the following one is obtained

Q)" [W,]" = [Q2)" Q1] [R1] = [0] (61)

Comparing (61) and (60) with (29) and (30), the matrig@sand[V'] are respectively obtained
V] = Q2] (62)
[B] = [Q2]" (63)

Hence, the equations of motion are rearranged as follows:

[Q2)" [M][Q2] {5} = [Q2]" [Q] — [Q2]" [M][S] {7} (64)
where .
S00=| o | 16 ©

The pseudo upper triangular decomposition (PUTD) methedeldped by Amirouche et al. [2, 1], is somewhat
equivalent to the method based on the QR decompoasition.
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In particular, the method’s first step is to obtain the Howdaér transform matrixH| of [\I/q]T. Then, through
the Gram-Schmidt process,it is identified a mafifix] such that

[DQ](nfr)Xn [H]:Xn [\IJQ]T = [0] (66)
The matrix[D5] has the following block structure
[DQ] = [ [O](nfr) xr [I](nfr) X (n—r) ] (67)

One can verify thatD,] [H]" = [Q2]”.

7.4 The Zero Eigenvalue method

The zero-eigenvalue theorem provides an alternative todhe orthoganlization of the Jacobian matrix. This method
has been originally proposed by Walton and Steeves [30]aed ¢éxtended by Kamman and Huston [14].
Let us form the matrix
[H] = [, [¥] (68)

Since[H | is symmetric, all the eigenvalues are positive and thergtg#ie similarity transform

[T]" [H] [T] = [A] (69)

where[T'] is the orthogonal matrix of eigenvectors dad the diagonal matrix of eigenvalues.
The matrix|T'] can be partitioned as follows

[T] = [ [Tl]nx(n—r) [TQ]an ] (70)

where[T] are the eigenvectors associated to zero eigenvalues.
It can be easily verified the condition of orthogonality

(W] [T1] = [0] (71)

7.5 Singular value decomposition

Matrix [V] is now deduced by means of the Singular Value DecomposiMD] algorithm. Therefore, matrix
[\Ifq]T has been rearranged as follows [26, 18]

[\I/q]T = [ [Wd]nxr [Wi]nX(W—T) ] [ [O(
— Wl [ 2

The columns of the matrik [W4] [W;] | are orthogonai.e. Wi]" Wy = [0] and[W;]" [W;] = [I]. Therefore,
combining this with (72) the following expression is obiih

(Wil " [2g)" = (W3] [Wa] [A1] [U]" = [0] (73)

Matrix [V] is then defined as
V] = W] (74)

and, as consequence, the following equalities are edtallis

{¢} = Wil {0} (75)

so-[ 18]

The final expression of the equations of motion is

and

(Wil" (M) (W] {8} = (W] [Q] — [Wi]" [M][S] {~} 77)



7.6 The Schur decomposition

The Schur decomposition offers an alternative tool for cotimg matrix[V].
The Schur decomposition of the square maltfix has the form [11]

[K]" [H] [K] = [U] (78)

where[K] is a unitary matrix an@U] an upper triangular matrix. The eigenvalue$®f are on the diagonal g¥/].
The matrix[ K] can be partitioned as follows

(K] = [ [Ki] [K>] (79)

nx(n—r) nxr ]

where[K| are the generalized Schur vectors associated to zero aigesv If we lefH] = [\Ifq]T [¥,], then the
following condition of orthogonality holds

(W] [KA] = [0] - (80)
7.7 The Udwadia-K alaba formulation
The square matrix at the left-hand can be inverted by blocfitjpaming

{ M 0T }‘1 | M T (e Y T M M (v M) T &)
o0 (w20 w]) gt - ()
Introduced the vector
{iry =M1 {Q} (82)
representing the acceleration vector of the unconstraiysm, the solution of (2) follows
fay = fa) + )7 )" (1) )7 (97) () () () (83)
and .
D = (1w )7 (") (G = (Wl i) - (84)
If we let
)7t = (M) M)E (85)
[D] = [w,] [M]"* (86)

then equation (83) can be rewritten in the form
fay = G+ 7H ()7 )" (1) ) D] F [0)7) (09} — ] i)

=i} + M)7H D) (ID1DIT) () — (W] i) (87)

Taken into account the definition of right pseudoinversecarlet
-1
ot = (o]" (Ip10)") (88)
and the previous equation can be concisely expressed ag$db]:

{@} = s} + M) [D)* ({9} = (W) {dr}) - (89)

This is the dynamic formulation originally proposed by Udlisaand Kalaba [27] starting from Gauss Principle of
Least Constraint.
If the Baumgarte stabilization is introduced [8, 13], th8A)is modified as follows

{a} = {ry + M) F D) ({0} =20 { b} = 52 {0} — [0, {is}) (90)

8. Numerical example

The computational efficiency of methods herein discussedban numerically tested. The MATLAB code enclosed
in the Appendix has been used for such purpose. Standardlilatties have been used for all algebra operations
[3].

The numerical example is the simulation of a simple pendulge® Figure 2). Mass and Jacobian matriges,
and( vectors have the following algebraic form:
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Figure 2:

m 0
e Mass matrixM]=| 0 m
0 0

o O

S~

)

e Jacobian matrix{¥,] = (1) Lsings

1

0 —L cosgs
. 9 . T

o {7} ={ —Ld3cosqs —L¢3sings }

e {Q}={0 -98m 0}"

The prescribed values afe= 0.5 andI, = 0.1. Simulation time is 10 s.

The null space matriXl’] is computed at each time integration step. The number ofifipaioint operations
(flops) for the computation of matrit/] is currently ofO(n?).

In order to simplify computer programming the valuef the Jacobian matrix has been always preliminary
computed by means of the Matlab functioank. This could be avoided since the rank can be estimated makiag
of the results of Jacobian matrix decomposition.

In an effort to reduce CPU time some researchers hinted thsillity of delay in the computation di/] by
introducing various criteria. Bachau [7] defined such mdthasMaggi-like methods .

The CPU times required by each method have been summaridedlie 2.

Table 2: Computational efficiency of the constraints ortthraagjization methods.

Method CPU Time(s)
Coordinate partitioning 11.45
QR 2.64
PUTD 4.83
SVD 2.73
Zero Eigenvalue 2.72
Schur 2.74
Udwadia-Kalaba 3.17

Finally, it has been observed that the numerical accurangtisnfluenced by the method used for the orthogo-
nalization. This statement may not be true when dealing different and large problems.

The CPU times have been recorded after running the simakatiader Windows XP operating system (AMD
Athlon 1.92 GHz). Each simulation has been executed terstame the lowest time recorded.

9. Conclusions
The computational efficiency of methods for constrainth@gbnalization has been compared. The QR decom-
position ranked best among the tested methods. The Schomgesition has been herein proposed for the numer-
ical computation of the null space of the Jacobian matrixer€éhs a subtle difference between the Zero-Eigenvalue
method and Schur decomposition. The similarity transfaiong69) may not exist, whereas Schur decomposition
can be always obtained for any square matrix.
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Comparable computational efficiencies have been obseoratld SVD, Zero Eigenvalue and Schur decompo-
sitions. The CPU time herein reported could be reduced éutttirough a more skilled MATLAB programming.
However, all linear algebra operations have been carriechaling use of library routines.
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APPENDIX: MATLAB code

%
% Mul ti body dynanic anal ysis of a sinple pendul um
%

% Ettore Pennestri’ - Universita’ Roma Tor Vergata - ltaly
% pennestri @ec. uniroma?2. it

%

clear all;

T initial =0. % lnitial tinme

T final =100; % Final tine

% Par aneters
gl obal L; gl obal mass; global 1g;global nethod;
L=0. 5; mass=10; | g=0. 1;
%080888086 Met hod choi ce %ABBLRBBBLLBBMBN0
% Uncomment the method you wi sh to use
% met hod=" put d’ ;
% nmet hod=" svd’ ;
met hod=" schur’ ;
% met hod="qr’ ;
% met hod=" zer oei genval ue’ ;
% met hod=" udwadi akal aba’ ;

ndi v=1;

dt=(T_final-T_initial)/ndiv;

% Ilnitial conditions

yO=[ Lxsqrt(2)/2,-Lxsqrt(2)/2,-pi/4,0,0,0];
del ete(’ nyresults.dat’);

tout = [T_initial];
yout = yO;
t =0;

fprintf(’Initial conditions,%.2f \n',y0);
tstart=T_ initial;
tfinal =T_initial+dt;
t enpo=0;
profile on
while tfinal <=T final
tic
options = odeset (' Rel Tol’, 1le-4);
[t,y] = oded45( @endul um dynam cs,[tstart tfinal],yO, options);
A=t Y]
nt =l engt h(t);
t enpo=t oc+t enpo;
nt = length(t); % Measure the length of the output tine vector
tout = [tout; t]; % Append this vector to the previous one
yout = [yout; y]; % Append solution to the previous one
tstart =t(nt);
tfinal =tstart+dt;
yo=y(nt,:);
end
profile viewer
p =profile(’info’);
prof save(p, profile_results’)
final _yl=[tout yout ];
save(' nyresults.dat’, final _y1',’-ASCl|’);
fprintf(’Sinmulation tinme 9%6.2f \n',tenpo);
fclose('all’);
% Pl ot angul ar di spl acenent
figure;
pl ot (tout,yout(:,3));
grid on;
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xl abel (" Time (s)’); % Assi gn | abel for x-axis
yl abel (" Theta’); % Assi gn | abel for y-axis
title(’ Angul ar di spl acenent’)
% Pl ot error on constraints
figure;
[mot, ntot]=size(yout);
for i=1:mot
norm(i)=(yout (i, 1l)-L+xcos(yout(i,3)))"2+(yout(i,?2)-L*sin(yout(i,3)))"2;

end

sem | ogy(tout, norn;

grid on;

xl abel (" Time (s)’); % Assi gn | abel for x-axis
yl abel (" Normi ) ; % Assi gn |l abel for y-axis

title('Constraint error’)

% Mul ti body dynanic anal ysis of a sinple pendul um

%

% Ettore Pennestri’ - Universita’ Ronma Tor Vergata - ltaly
% pennestri @ec. uni roma2. it

%

gl obal L; gl obal mass; global 1g;global nethod,
s3=sin(y(3));

c3=cos(y(3));

% Mass matrix

Me[mass 0 0;0 mass 0;0 O 1g];
% Jacobi an mat rx

Psig=[1 0 L*s3;0 1 -L*c3];
[mn]=size(Psiq);

% Force vector

&[0; -mass*9.8; 0];

% Gamma vect or
gama=[ - Lxy(6)*y(6)*c3;-Lxy(6)*y(6)*s3];
9B888008888880888888880

swi tch | ower (et hod)

case(’ putd’)

r=rank(Psiq);

[H, R =gr house(Psiq');
D22=eye(n-r,n-r);
D21=zeros(n-r,r);

D2T=[ D21 D22];

V=H« D2T" ;

case(’' zeroei genval ue’)

% Zer o- ei genval ue net hod
[T,S] = eig(Psiq *Psiq);
r=rank(Psiq);
V=T(1:n,1:(n-r));

case(’'qr’)

[QR R =qr(Psiq);

V=QQ(1: n,r+1:n);

case(’'svd’)

r=rank(Psiq);

[Uh, S1, vh] = svd(Psiq’);
V=Uh(1:n,r+1:(n));

case(’ schur’)

r=rank(Psiq);

[US, K] = schur(Psiq *Psiq);
V=US(1:n, 1:(n-r));

case(’ coordi natepartitioning)
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[ ddg] =coord_partitioni ng(M Psi q, gamm, Q) ;
dy=[ y(4) y(5) y(6) ddq(1l) ddq(2) ddq(3)]";
return;

case(’ udwadi akal aba’)

[ ddqg] =udwadi akal aba(M Psi q, ganma, Q) ;

dy=[ y(4) y(5) y(6) ddq(1l) ddq(2) ddq(3)]";
return;

end

% Conput e [ S] *{gamm}

zero=zeros(n-m1l);

Sgama=i nv([ Psi g; t ranspose(V)])*[ ganmg; zer o] ;
M=V * MV

Fh=V *Q V' * Mk Sganmsg,;

ddv=M\ Fh;

ddg=V*ddv+Sganms;

dy=[ y(4) y(5) y(6) ddq(1) ddq(2) ddq(3)]’;
end % End- of - f uncti on pendul um dynani cs

II—II D
c

o <D
5
Q_ -]

[ ddq

function

% Pur pose: Conputation of accelerations in a nultibody dynam cs sinul ation

% by means of the Udwadi a- Kal aba f ormul ati on.

%1t is assune that the dynamics equations are in the follow ng form

%

% | M Psig"T | | ddq |

% I || | =

% | Psiq 0 | | lambda |

% -

[mn] = size(M;

for i =1:m
v(i)=1/Mi,i);
vi(i)=1/sqrt(Mi,i));

I

end

M nv=di ag(v);

M nv12=di ag(vl);

ddgf =M nvxf;

D=Psi g*M nv12;

Dps=pi nv(D);

[ M8, n3] =si ze(Psi q);

al=(ganmma- Psi gxddqf) ;

ddg=ddqf +M nv12+Dps*al;

end % of function udwadi akal aba

% Ettore Pennestri’ - Universita’ Ronma Tor Vergata - ltaly
% pennestri @ec. uniroma?2. it
%

% Pur pose: Conputation of accelerations in a multibody dynam cs simnul ation
% by neans of coordinate partitioning

%It is assuned that the dynam cs equations are in the following form

%

% | M  Psig"T | | ddq [
% I || | =
% | Psiq 0 | | lambda |
% -

[mn]=size(Psiq);

[Riiu] =rref(Psiq);

i t=cunmsum(ones(n,1),1);
iv=setdiff(it,iu);

o
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nu=l engt h(i u);

nv=l engt h(iv);

for i=1:nu
for j=1:nu
Miu(i, j)=Miu(i),iu(j)) ;
end

end

for i=1:nv
for j=1:nv
Mrv(i, j)=Miv(i),iv(j));
end

end

for i=1:nv
for j=1:nu

Mru(i, j)=Miv(i),iu(j));

end

end

for i=1:nu
for j=1:nv

Muv(i, j)=Miu(i),iv(j));

end

end

for i=1:m
for j=1:nu
Psiu(i,j)=Psiqg(i,iu(j));
end

end

for i=1:m
for j=1:nv
Psiv(i,j)=Psiq(i,iv(j));
end

end

for i=1:nv
Qu(i)=f(iv(i));

end

for i=1:nu

Qi) =f(iu(i));
end
Q=Qv ; QU=Qu’ ;

i nvPsi u=i nv(Psi u);
Mh=Mrv- Mvuxi nvPsi ux Psi v- Psi v’ i nvPsi u’ *( Muv- Muuxi nvPsi uxPsi v) ;
h=Qv- Mvuxi nvPsi uxganma- Psi v’ *i nvPsi u’ = ( Qu- Muuxi nvPsi uxgamma) ;
ddv=Mh\ (n;
ddu=i nvPsi ux (gamma- Psi v+ddv) ;
for i=1:nu
ddq(i u(i))=ddu(i);
end
for i=1:nv
ddq(iv(i))=ddv(i);
end
end % of function coord_partitioning
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