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Abstract: The paper reviews different methods of orthogonalization of constraints adopted in multibody dynamics
formulations. A new approach, based on Schur decomposition, has been herein proposed. All the methods have been
implemented in the MATLAB computing environnement and CPU times required for a simple simulation have been
recorded.

1. Introduction
Multibody dynamics formalisms can be broadly splitted intotwo categories according to the set of coordinates used.
Formalisms based onredundant set of coordinates are often used in commercial software such as MSC ADAMS
or LMS Virtual Lab Motion. Formalisms based on aminimum number of coordinates are less used, but usually
preferred in real-time computations.

Recursive dynamics appears an computationally efficient alternative
In this paper, the problem of coordinate reduction will be discussed. Mainly orthogonalization methods will be

presented. In particular, the following numerical methodsfor coordinate reduction of state space dynamic formula-
tions will be reviewed:

• Coordinate partitioning method;

• zero-eigenvalue method

• SVD decomposition;

• QR decomposition;

• Udwadia-Kalaba formulation

• PUTD method

• Schur decomposition

This last method is also herein proposed and compared with other approaches.
Recursive formulations (e.g. [6, 4]) are not included in this review.
Since numerical implementation and computational efficiency issues are not always fully adressed in review

papers on constraints orthogonalization, the paper reports the MATLAB code and CPU time.

2. Nomenclature

- Ik: Moment of inertia of the kth gear;

- F : degrees of freedom of the mechanical system;

- [M ], mass matrix;

- m number of independent constraint equations

- n number of coordinates

- {q}, vector of generalized coordinates;

- {Q}, vector of external forces;

- r, rank of the Jacobian matrix;

- t, time;

- {u}, vector of dependent generalized coordinates;

- {v}, vector of independent generalized coordinates;

- {λ}, vector of Lagrange’s multipliers;

- {Ψ}, vector of position constraints;

- [Ψq], Jacobian matrix of constraints;
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- ω, angular velocity;

- chol(·) upper triangular matrix resulting from Cholesky factorization;

- dots denote differentiation with respect to time.

3. Theoretical bases
The dynamics equations deduced with a redundant number of coordinates the following of algebraic-differential

equations (DAE) is obtained

[M ] {q̈} + [Ψq]
T {λ} = {Q} (1a)

{Ψ (q, t)} = {0} . (1b)

The presence of actively controlled components may also introduce differential constraints and thus require DAE
for mathematical modeling.

The total number of equations isn+mwith n+m unknowns,i.e. then generalized coordinates andm Lagrange’s
multipliers related to the constraint equations.

A common strategy for solving (1) is the differentiation, with respect to time, of position constraint equations.
Hence (1) is transformed into the following DAE system of differential index 1:

[

M ΨT
q

Ψq 0

]{

q̈

λ

}

=

{

Q

γ

}

(2)

where{γ} = − ([Ψq] {q̇})q
{q̇}− 2 [Ψqt] {q̇}−{Ψtt}. The (2), assuming full rank Jacobian, can be solved into two

steps:

For the purpose of block solution, the mass matrix is first decomposed such that[M ] = [M ]
1

2 [M ]
1

2 , then (2) is
rewritten as follows [10]

[

L 0
HT −LT

1

] [

LT H

0 L1

] {

q̈

λ

}

=

{

Q

γ

}

(3)

where

[L] = [M ]
1

2 , (4)

[H ] =
[

L−1
]T

[Ψq]
T
, (5)

[L1] = chol
(

[H ]
T

[H ]
)

. (6)

Thus, it can be demonstrated that [24]
{λ} = [L]

−1
{λ1} (7a)

with
{λ1} = [L1]

−1
(

[H ]T [L]−1 {Q} − {γ}
)

. (7b)

Since[L1] is an upper triangular matrix, the use of specialized procedures (e.g. DTRDI of LAPACK) is recom-
mended for its inversion.

Afterwards, the generalized accelerations vector is computed by means of

{q̈} =
[

L−1
]T

(

[L]−1 {Q} − [H ] {λ}
)

(8)

It must be stressed that, for a reliable numerical integration procedure, the initial conditions must satisfy the position
and velocity constraints [19].

4. Baumgarte constraint stabilization
Since after numerical integration of Eqs. (2) position and velocity constraints fail to be satisfied, the right side of

the acceleration constraint is altered as follows

{γ̄} = {γ} − 2α {Ψ} − β
{

Ψ̇
}

(9)

whereα andβ are the gain parameters usually chosen such thatα = β. The DAE system to be integrated is thus
transformed to

[

M ΨT
q

Ψq 0

]{

q̈

λ

}

=

{

Q

γ̄

}

(10)

5. Orthogonalization of constraints
In order to reduce the DAE system to an ordinary differentialequations (ODE) the elimination of the Jacobian

matrixΨq of the constraint equations from (1a) is necessary. This approach offers the following advantages:
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• The elimination of Lagrange’s multipliers when solving equations:

• The possibility to partition the entire set of generalized coordinates into independent variables and dependent
ones;

• The transform of the DAE system into a ODE gives the opportunity of a wider choice of numerical integration
subroutines;

• Mechanical systems with a redundant number of constraints or with changing d.o.f. can be analysed.

In this section the elimination of Lagrange multipliers through the orthogonalization of constraints will be briefly
discussed. This approach dates back to G.A. Maggi [17, 9, 16,7].

For our purposes a minimum setv of F independent coordinates is defined. Let us append to the constraint vector
{Ψ} the equations{Φ} that can be established betweenv andq. Thus, we obtain

{Γ}(m+F )×1 =

{

Ψ(q)
Φ(v, q)

}

= 0 (11)

The time derivative of (11) leads to

[Γv](m+F )×F {v̇} + [Γq](m+F )×n
{q̇} = 0 (12)

Assuming[Γq] non singular and introduced the matrix

[V ]n×F = − [Γq]
−1 [Γv] (13)

one obtains
{q̇} = [V ] {v̇} (14)

When there is not any explicit dependence on time of constraints equations, the followingorthogonality condition is
deduced

[Ψq] [V ] = 0 (15)

and the accelerations̈q can be expressed in the form

{q̈} = [V ] {v̈} +
[

V̇
]

{v̇} (16)

Premultiplying both sides of the dynamic equation of system(1a) and taking into account (15) and (16), the vector of
Lagrange’s multipliers is eliminated from the differential equations of equilibrium and the following ODE is obtained

[V ]T [M ] [V ] {v̈} = [V ]T {Q} + [V ]T [M ]
[

V̇
]

{v̇} (17)

The matrix[V ] is not unique, the main purpose of this paper is to illustratethe different ways of obtaining it.
The set of coordinatesq ∈ ℜn is partitioned into two setsv ∈ ℜF andu ∈ ℜm of independent and dependent

coordinates, respectively

{q} =

{

u

v

}

(18)

where{u}(n−F )×1 is the vector od dependent coordinates and{v}F×1 is the one of independent coordinates. The
acceleration constraints[Ψq] {q̈} = {γ}, through row operations (e.g. Gaussian elimination), can be rearranged in
the form

[

[Ψu] [Ψv]
[0] [0]

] {

{ü}
{v̈}

}

=

{

{γ}
{0}

}

(19)

or
[Ψu]m×(n−F ) {ü} + [Ψv]m×F {v̈} = {γ} (20)

where[Ψu] is a nonsingular square triangular matrix with unit values on the diagonal.
From the previous expression a relationship betweenq̈ andv̈ follows

{q̈} =

{

ü

v̈

}

=

[

− [Ψu]
−1

[Ψv]
[I]

]

{v̈} +

{

[Ψu]
−1

{γ}
{0}

}

(21)

By comparing (21) and (17) one can deduce

[V ]n×F =

[

− [Ψu]
−1

[Ψv]
[I]

]

(22)
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and
[

V̇
]

{v̇} =

{

[Ψu]−1 {γ}
{0}

}

(23)

Now it is possible to define the matrix[V ] in the presence of rheonomic constraints. In this case, which is common
in applications, the expression of the constraint vector is{Ψ (q, t)} = 0 and the expression of velocities changes into

[Ψq] {q̇} = −{Ψt} (24)

Let us assume the correctness of the expression

{v̇} = [B]F×n {q̇} (25)

Because of singularities in the configuration of the mechanical system, the d.o.f. of the system may not be constant
during the numerical integration process. Moreover, the matrix [B] hasF rows independent from them rows of the
Jacobian matrix.

As a consequence, combining (24) and (25), the following expression is obtained
[

[Ψq]
[B]

]

(m+F )×n

{q̇} =

{

−{Ψt}
{v̇}

}

(26)

where the left hand side matrix is not singular. The solutionof the previous system gives

{q̇} =

[

[Ψq]
[B]

]

−1 {

−{Ψt}
{v̇}

}

= − [S]n×m {Ψt} + [V ] {v̇} (27)

where matrix[S] is formed from the firstm columns of matrix

[

[Ψq]
[B]

]

−1

. Equation (27) contains, as particular

case, the expression (14).
By solving the system (26) the following expression is obtained

[

[Ψq]
[B]

] [

[Ψq]
[B]

]

−1

=

[

[Ψq]
[B]

]

[

[S] [V ]
]

=

[

[Ψq] [S] [Ψq] [V ]
[B] [S] [B] [V ]

]

=

[

I 0
0 I

]

(28)

which confirms the property of orthogonality also in the caseof rheonomic constraints:

[Ψq] [V ] = [0] (29)

and introduce the new one
[B] [V ] = [I] (30)

By differentiating (26) with respect to time the following equation is obtained
[

[Ψq]
[B]

]

{q̈} =

{

{γ}
{v̈}

}

(31)

which express the relationship between{v̈} and{q̈}. as

{q̈} = [S] {γ} + [V ] {v̈} (32)

The term[S] {γ} is obtained from (31) assuming̈v = 0 as follows

[S] {γ} =

[

[Ψq]
[B]

]

−1 {

{γ}
{0}

}

(33)

6. An application of constraints orthogonalization to the stability analysis of gear trains
Some type of analysis do not require the explicit computation of meshing forces.

For instance, a model for the forward dynamic analysis of a two d.o.f. epicyclic gear train (EGT) can be described
by the following differential equations system

[M]

{

ω̇d1

ω̇d2

}

=

{

Td1 − aTr

Td2 − bTr

}

, (34)

where
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• [M] is reduced mass matrix,

• Td1, Td2 andTr are respectively the driving and resisting torques,

• ω̇d1, ω̇d2 are the absolute angular accelerations at the driving shafts,

• a andb are constants function of gear ratios.

Under certain working conditions, it can be shown that the behavior of the system is not stable [23].
For this purpose, let us assume that the motor speed-torquescurves are linearized by means of the following equations

Td1 = T o
d1 +Kd1 (ωd1 − ωo

d1) , (35)

Td2 = T o
d2 +Kd2 (ωd2 − ωo

d2) , , (36)

where the upperscripto refers to the values of variables at steady state condition.Similarly, the resisting torque-speed
curve can be also described by means of the linear equation

Tr = T o
r +Kr (ωr − ωo

r) , (37)

whereωr denotes the angular speed of the output shaft. When (35), (36) and (37) are substituted into (34), after
taking into account the existing linear relationship betweenωr and the input angular velocitiesωd1 andωd2 of the
two driving shafts, with obvious nomenclature, one obtains:

[M]

{

∆ω̇d1

∆ω̇d2

}

+ [K]

{

∆ωd1

∆ωd2

}

=

{

T o
d1 − aT o

r

T o
d2 − bT o

r

}

, (38)

with [K] symmetric matrix. The solution of the homogeneous o.d.e. associated with (38) will have the following
algebraic form

{

∆ωd1

∆ωd2

}

= {X} eλt , (39)

whereλ is the solution of the eigenvalue problem

[λM + K] {X} = {0} . (40)

It is self evident that positive values ofλ’s will reveal an unstable behavior of the system. Since thistype of analysis
requires a preliminary computation of[M] and[K], in the section will be described a procedure for the computation
of such matrices.
Let

Φ1 ≡ v̇1 − ωd1 = 0 ,

Φ2 ≡ v̇2 − ωd2 = 0 ,

and

Γ (ω, v̇) =

{

{ψ (ω)}
{φ (ω, v̇)}

}

= {0} (41)

the vector of constraints.
Once the matrix

[V ] = − [Γω]
−1

[Γv̇] , (42)

is introduced, the following orthogonality relationship

[Ψω] [V ] = [0] (43)

can be demonstrated [10, 20].
Making use of this condition one obtains

[M] = [V ]
T

[M ] [V ] (44)

and
[K] = [V ]

T
{T } , (45)

where

{T } =







































. . .

Kd1 (ωd1 − ωo
d1)

. . .

Kd2 (ωd2 − ωo
d2)

. . .

Kr (ωr − ωo
r)

. . .







































(46)

is the vector of externally applied torques1

1At this stage of the analysis procedure the values ofT
o
d1

, T
o
d2

andT
o
r can be omitted.

5



6.1 Application of the theory to a practical case

Let us assume that is required to deduce the matrices[M] and[K] for the 2 d.o.f. gear train shown in Figure 1. This
EGT has been developed at the Ames Research Center, Moffet Field (CA) has been studied by Pennestrï£¡ [21, 22]
regarding power-flow analysis, by Pennestrï£¡ and Valentini for stability analysis [23] and, more recently, by Popa,
Pandrea and Stănescu [25] for dynamic analysis. From Table 1 one obtains the following system of equations

Figure 1: Graph and functional representation of a 2 d.o.f. rotary drive mechanism.

Fundamental Geari Gearj Transfer Gear ratio Turning
circuit vertexk τ pairs level

#1 2 3 1 τ1 a, b

#2 5 4 3 τ2 b, c

#3 5 6 3 τ3 a, c

Table 1: Fundamental circuits look-up table (see Figure 1)

{Ψ} ≡ [Ψω] {ω} =





1 −τ1 0 0 0
0 τ2 − 1 −τ2 1 0
0 τ3 − 1 0 1 −τ3



























ω2

ω3

ω4

ω5

ω6























= {0} .

Solving this set of equations w.r.t.ω3, ω5 andω6 one obtains

ω3 =
ω2

τ1
,

ω5 =
1 − τ2

τ1
ω2 + τ2ω4 ,

ω6 =
τ3 − τ2

τ1τ3
ω2 +

τ2

τ3
ω4 .
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Since

Φ1 ≡ v̇1 − ω2 = 0 ,

Φ2 ≡ v̇2 − ω4 = 0 ,

from (42) the matrix

[V ] =























1 0

1
τ1

0

0 1

1 − τ2
τ1

τ2

τ3−τ2
τ1 τ3

τ2
τ3























is deduced.
Finally, from the application of (44) and (45) one obtains, respectively,

M11 = I2 +
I3 +m5δ

2
bc

τ2
1

+

(

τ2 − 1

τ1

)2

I5 +

(

τ2 − τ3

τ1τ3

)2

I6 ,

M12 = M21 =
(1 − τ2) τ2

τ1
I5 +

(τ3 − τ2) τ2
τ1τ

2
3

I6 ,

M22 = I4 + I5τ
2
2 +

τ2
2

τ2
3

I6 ,

and

K11 = Kd1 +

(

τ2 − τ3

τ1τ3

)2

Kr ,

K12 = K21 =
τ2 (τ3 − τ2)

τ1τ
2
3

Kr ,

K22 = Kd2 +
τ2
2

τ2
3

Kr .

An application of the Maggi’s like method to the dynamic analysis of the scotch-yoke mechanism is given by
Vlase [29].

7. Numerical methods for elimination of Lagrange’s multipliers
In the example just discussed the matrix[V ] was obtained by hand computation. The methods reported in this

section are suitable for implementation in a software of automatic multibody dynamic analysis (see Appendix).

7.2 Coordinate partitioning

In multibody dynamics the coordinate partitioning method is an historically important computational scheme. The
scheme received extensive application in multibody dynamics by Haug and his coworkers [31, 12].

By definition, the sub-Jacobian[Ψu] is non singular. Based on this partitioning and the DAE equations can be
rewritten in the form2

[Mvv] {v̈} + [Mvu] {ü} + [Ψv]
T
{λ} = {Qv} (47)

[Muv] {v̈} + [Muu] {ü} + [Ψu]
T
{λ} = {Qu} (48)

{Ψ (u, v)} = 0 (49)

The non singularity of[Ψu] and the implicit function theorem guarantee that{u} con be locally computed as a
function of{v}, i.e.

{u} = {h(v)} (50)

The velocity
[Ψq] {q̇} = −{Ψt} (51)

and acceleration
[Ψq] {q̈} = {γ} (52)

2It is assumed that the Jacobian[Ψq]T has full row rank.

7



constraints can respectively rearranged in the form

[Ψu] {u̇} + [Ψv] {v̇} = −
{

Ψ̂t

}

(53)

[Ψu] {ü} + [Ψv] {v̈} = {γ} (54)

Eliminatingλ andü from (47), (48) and (54) one obtains [12]
[

M̂
]

{v̈} =
{

Q̂
}

(55)

where
[

M̂
]

= [Mvv] − [Mvu] [Ψu]−1 [Ψv]

− [Ψv]
T

(

[Ψu]
−1

)T (

[Muv] − [Muu] [Ψu]
−1

[Ψv]
)

(56)

and
{

Q̂
}

= {Qv} − [Mvu] [Ψu]−1 {γ}

− [Ψv]
T

(

[Ψu]
−1

)T (

{Qu} − [Muu] [Ψu]
−1

{γ}
)

(57)

The solution of the DAE system is therefore reduced to a set ofODE system through the sequence of steps listed
below

1. Partition the vector{q} of coordinates;

2. Determine{u̇} and{u} at timet by means of Eqs. (53) and (50), respectively;

3. Solve Eqs. (47), (48, (49) w.r.t.{ü}, {v̈} and{λ};

4. Integrate and compute{u}, {v}, {u̇}, {v̇} at timet+ ∆t

A critical review of different dynamic formulations is offered in [28].

7.3 QR decomposition

According to this method, the Jacobian matrix[Ψq]
T is first rearranged as follows [15]:

[Ψq]
T =

[

[Q1]n×(n−F ) [Q2]n×F

]

[

[R1]r×m

[0]F×m

]

= [Q1] [R1] (58)

where[Q1] and[Q2] simultaneously satisfy the conditions

[Q2]
T

[Q1] = [0] (59)

[Q2]
T

[Q2] = [I] (60)

The first condition is used to eliminate the Lagrange’s multipliers in the equations of motion. In fact, considering
equation (58) and (59), the following one is obtained

[Q2]
T

[Ψq]
T

= [Q2]
T

[Q1] [R1] = [0] (61)

Comparing (61) and (60) with (29) and (30), the matrices[B] and[V ] are respectively obtained

[V ] = [Q2] (62)

[B] = [Q2]
T (63)

Hence, the equations of motion are rearranged as follows:

[Q2]
T

[M ] [Q2] {v̈} = [Q2]
T

[Q] − [Q2]
T

[M ] [S] {γ} (64)

where

[S] {γ} =

[

[Ψq]

[Q2]
T

]−1 {

{γ}
{0}

}

(65)

The pseudo upper triangular decomposition (PUTD) method, developed by Amirouche et al. [2, 1], is somewhat
equivalent to the method based on the QR decomposition.
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In particular, the method’s first step is to obtain the Householder transform matrix[H ] of [Ψq]
T . Then, through

the Gram-Schmidt process,it is identified a matrix[D2] such that

[D2](n−r)×n [H ]Tn×n [Ψq]
T = [0] (66)

The matrix[D2] has the following block structure

[D2] =
[

[0](n−r)×r [I](n−r)×(n−r)

]

(67)

One can verify that[D2] [H ]
T

= [Q2]
T .

7.4 The Zero Eigenvalue method

The zero-eigenvalue theorem provides an alternative tool for the orthoganlizationof the Jacobian matrix. This method
has been originally proposed by Walton and Steeves [30] and later extended by Kamman and Huston [14].

Let us form the matrix
[H ] = [Ψq]

T
[Ψq] (68)

Since[H ]n×n is symmetric, all the eigenvalues are positive and there exists the similarity transform

[T ]
T

[H ] [T ] = [Λ] (69)

where[T ] is the orthogonal matrix of eigenvectors and[Λ] the diagonal matrix of eigenvalues.
The matrix[T ] can be partitioned as follows

[T ] =
[

[T1]n×(n−r) [T2]n×r

]

(70)

where[T1] are the eigenvectors associated to zero eigenvalues.
It can be easily verified the condition of orthogonality

[Ψq] [T1] = [0] (71)

7.5 Singular value decomposition

Matrix [V ] is now deduced by means of the Singular Value Decomposition (SVD) algorithm. Therefore, matrix
[Ψq]

T has been rearranged as follows [26, 18]

[Ψq]
T =

[

[Wd]n×r [Wi]n×(n−r)

]

[

[Λ1]r×r

[0](n−r)×r

]

[U ]Tr×r

= [Wd] [Λ1] [U ]
T (72)

The columns of the matrix
[

[Wd] [Wi]
]

are orthogonal,i.e. [Wi]
T [Wd] = [0] and[Wi]

T [Wi] = [I]. Therefore,
combining this with (72) the following expression is obtained

[Wi]
T

[Ψq]
T

= [Wi]
T

[Wd] [Λ1] [U ]
T

= [0] (73)

Matrix [V ] is then defined as
[V ] = [Wi] (74)

and, as consequence, the following equalities are established

{q̇} = [Wi] {v̇} (75)

and

[S] {γ} =

[

[Ψq]

[Wi]
T

]−1 {

{γ}
{0}

}

(76)

The final expression of the equations of motion is

[Wi]
T

[M ] [Wi] {v̈} = [Wi]
T

[Q] − [Wi]
T

[M ] [S] {γ} (77)
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7.6 The Schur decomposition

The Schur decomposition offers an alternative tool for computing matrix[V ].
The Schur decomposition of the square matrix[H ] has the form [11]

[K]
T

[H ] [K] = [U ] (78)

where[K] is a unitary matrix and[U ] an upper triangular matrix. The eigenvalues of[H ] are on the diagonal of[U ].
The matrix[K] can be partitioned as follows

[K] =
[

[K1]n×(n−r) [K2]n×r

]

(79)

where[K1] are the generalized Schur vectors associated to zero eigenvalues. If we let[H ] = [Ψq]
T

[Ψq], then the
following condition of orthogonality holds

[Ψq] [K1] = [0] . (80)

7.7 The Udwadia-Kalaba formulation

The square matrix at the left-hand can be inverted by block partitioning

[

M ΨT
q

Ψq 0

]

−1

=

[

M−1 −M−1ΨT
q

(

ΨqM
−1ΨT

q

)

−1
ΨqM

−1 M−1ΨT
q

(

ΨqM
−1ΨT

q

)

−1

(

ΨqM
−1ΨT

q

)

−1
ΨqM

−1 −
(

ΨqM
−1ΨT

q

)

−1

]

. (81)

Introduced the vector
{q̈f} = [M ]

−1
{Q} , (82)

representing the acceleration vector of the unconstrainedsystem, the solution of (2) follows

{q̈} = {q̈f} + [M ]
−1

[Ψq]
T

(

[Ψq] [M ]
−1

[Ψq]
T
)

−1

({γ} − [Ψq] {q̈f}) (83)

and

{λ} =
(

[Ψq] [M ]−1 [Ψq]
T
)

−1

({γ} − [Ψq] {q̈f}) . (84)

If we let

[M ]−1 = [M ]−
1

2 [M ]−
1

2 , (85)

[D] = [Ψq] [M ]
−

1

2 , (86)

then equation (83) can be rewritten in the form

{q̈} = {q̈f} + [M ]−
1

2

(

[M ]−
1

2 [Ψq]
T
) (

[Ψq] [M ]−
1

2 [M ]−
1

2 [Ψq]
T
)

−1

({γ} − [Ψq] {q̈f}) ,

= {q̈f} + [M ]
−

1

2 [D]
T

(

[D] [D]
T
)

−1

({γ} − [Ψq] {q̈f}) (87)

Taken into account the definition of right pseudoinverse, wecan let

[D]
+

= [D]
T

(

[D] [D]
T
)

−1

, (88)

and the previous equation can be concisely expressed as follows [5]:

{q̈} = {q̈f} + [M ]−
1

2 [D]+ ({γ} − [Ψq] {q̈f}) . (89)

This is the dynamic formulation originally proposed by Udwadia and Kalaba [27] starting from Gauss Principle of
Least Constraint.

If the Baumgarte stabilization is introduced [8, 13], then (89) is modified as follows

{q̈} = {q̈f} + [M ]
−

1

2 [D]
+

(

{γ} − 2α
{

Ψ̇
}

− β2 {Ψ} − [Ψq] {q̈f}
)

(90)

8. Numerical example

The computational efficiency of methods herein discussed has been numerically tested. The MATLAB code enclosed
in the Appendix has been used for such purpose. Standard mathlibraries have been used for all algebra operations
[3].

The numerical example is the simulation of a simple pendulum(See Figure 2). Mass and Jacobian matrices,γ

andQ vectors have the following algebraic form:
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Figure 2:

• Mass matrix:[M ] =





m 0 0
0 m 0
0 0 Ig





• Jacobian matrix:[Ψq] =

[

1 0 L sin q3
0 1 −L cos q3

]

• {γ} =
{

−Lq̇23 cos q3 −Lq̇23 sin q3
}T

• {Q} =
{

0 −9.8m 0
}T

The prescribed values areL = 0.5 andIg = 0.1. Simulation time is 10 s.
The null space matrix[V ] is computed at each time integration step. The number of floating point operations

(flops) for the computation of matrix[V ] is currently ofO(n3).
In order to simplify computer programming the valuer of the Jacobian matrix has been always preliminary

computed by means of the Matlab functionrank. This could be avoided since the rank can be estimated makinguse
of the results of Jacobian matrix decomposition.

In an effort to reduce CPU time some researchers hinted the possibility of delay in the computation of[V ] by
introducing various criteria. Bachau [7] defined such methods asMaggi-like methods .

The CPU times required by each method have been summarized inTable 2.

Table 2: Computational efficiency of the constraints orthogonalization methods.

Method CPU Time (s)

Coordinate partitioning 11.45
QR 2.64

PUTD 4.83
SVD 2.73

Zero Eigenvalue 2.72
Schur 2.74

Udwadia-Kalaba 3.17

Finally, it has been observed that the numerical accuracy isnot influenced by the method used for the orthogo-
nalization. This statement may not be true when dealing withdifferent and large problems.

The CPU times have been recorded after running the simulations under Windows XP operating system (AMD
Athlon 1.92 GHz). Each simulation has been executed ten times and the lowest time recorded.

9. Conclusions
The computational efficiency of methods for constraints orthogonalization has been compared. The QR decom-

position ranked best among the tested methods. The Schur decomposition has been herein proposed for the numer-
ical computation of the null space of the Jacobian matrix. There is a subtle difference between the Zero-Eigenvalue
method and Schur decomposition. The similarity transformation (69) may not exist, whereas Schur decomposition
can be always obtained for any square matrix.
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Comparable computational efficiencies have been observed for the SVD, Zero Eigenvalue and Schur decompo-
sitions. The CPU time herein reported could be reduced further through a more skilled MATLAB programming.
However, all linear algebra operations have been carried out making use of library routines.
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APPENDIX: MATLAB code

%
% Multibody dynamic analysis of a simple pendulum
%
% Ettore Pennestri’ - Universita’ Roma Tor Vergata - Italy
% pennestri@mec.uniroma2.it
%
clear all;
T_initial=0. % Initial time
T_final=100; % Final time
% Parameters
global L; global mass; global Ig;global method;
L=0.5;mass=10;Ig=0.1;
%%%%%%%% Method choice %%%%%%%%%%%%%
% Uncomment the method you wish to use
% method=’putd’;
% method=’svd’;
method=’schur’;

% method=’qr’;
% method=’zeroeigenvalue’;
% method=’udwadiakalaba’;
% method=’coordinatepartitioning’;
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
ndiv=1;
dt=(T_final-T_initial)/ndiv;
% Initial conditions
y0=[L*sqrt(2)/2,-L*sqrt(2)/2,-pi/4,0,0,0];
delete(’myresults.dat’);
tout = [T_initial];
yout = y0;
t=0;
fprintf(’Initial conditions,%6.2f \n’,y0);
tstart=T_initial;
tfinal=T_initial+dt;
tempo=0;
profile on
while tfinal<=T_final
tic
options = odeset(’RelTol’,1e-4);
[t,y] = ode45(@pendulum_dynamics,[tstart tfinal],y0,options);
A=[t,y];
nt=length(t);
tempo=toc+tempo;
nt = length(t); % Measure the length of the output time vector
tout = [tout; t]; % Append this vector to the previous one
yout = [yout; y]; % Append solution to the previous one
tstart = t(nt);
tfinal=tstart+dt;
y0=y(nt,:);
end
profile viewer
p = profile(’info’);
profsave(p,’profile_results’)
final_y1=[tout yout ];
save(’myresults.dat’,’final_y1’,’-ASCII’);
fprintf(’Simulation time %6.2f \n’,tempo);
fclose(’all’);
% Plot angular displacement
figure;
plot(tout,yout(:,3));
grid on;
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xlabel(’Time (s)’); % Assign label for x-axis
ylabel(’Theta’); % Assign label for y-axis
title(’Angular displacement’)
% Plot error on constraints
figure;
[mtot,ntot]=size(yout);
for i=1:mtot

norm(i)=(yout(i,1)-L*cos(yout(i,3)))^2+(yout(i,2)-L*sin(yout(i,3)))^2;
end
semilogy(tout,norm);
grid on;
xlabel(’Time (s)’); % Assign label for x-axis
ylabel(’Norm’); % Assign label for y-axis
title(’Constraint error’)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
function dy = pendulum_dynamics(t,y)
%
% Multibody dynamic analysis of a simple pendulum
%
% Ettore Pennestri’ - Universita’ Roma Tor Vergata - Italy
% pennestri@mec.uniroma2.it
%
global L; global mass; global Ig;global method;
s3=sin(y(3));
c3=cos(y(3));
% Mass matrix
M=[mass 0 0;0 mass 0;0 0 Ig];
% Jacobian matrx
Psiq=[1 0 L*s3;0 1 -L*c3];
[m,n]=size(Psiq);
% Force vector
Q=[0; -mass*9.8; 0];
% Gamma vector
gamma=[-L*y(6)*y(6)*c3;-L*y(6)*y(6)*s3];
%%%%%%%%%%%%%%%%%%%%%%%
switch lower(method)
case(’putd’)
r=rank(Psiq);
[H,R]=qrhouse(Psiq’);
D22=eye(n-r,n-r);
D21=zeros(n-r,r);
D2T=[D21 D22];
V=H*D2T’;
case(’zeroeigenvalue’)
% Zero-eigenvalue method
[T,S] = eig(Psiq’*Psiq);
r=rank(Psiq);
V=T(1:n,1:(n-r));
case(’qr’)
[QQ,R]=qr(Psiq’);
V=QQ(1:n,r+1:n);
case(’svd’)
r=rank(Psiq);
[Uh,S1,Vh] = svd(Psiq’);
V=Uh(1:n,r+1:(n));
case(’schur’)
r=rank(Psiq);
[US,K] = schur(Psiq’*Psiq);
V=US(1:n,1:(n-r));
case(’coordinatepartitioning’)
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[ddq]=coord_partitioning(M,Psiq,gamma,Q);
dy=[ y(4) y(5) y(6) ddq(1) ddq(2) ddq(3)]’;
return;
case(’udwadiakalaba’)
[ddq]=udwadiakalaba(M,Psiq,gamma,Q);
dy=[ y(4) y(5) y(6) ddq(1) ddq(2) ddq(3)]’;
return;
end
% Compute [S]*{gamma}
zero=zeros(n-m,1);
Sgamma=inv([Psiq;transpose(V)])*[gamma;zero];
Mh=V’*M*V;
Fh=V’*Q-V’*M*Sgamma;
ddv=Mh\Fh;
ddq=V*ddv+Sgamma;
dy=[ y(4) y(5) y(6) ddq(1) ddq(2) ddq(3)]’;
end % End-of-function pendulum_dynamics

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
function[ddq]=udwadiakalaba(M,Psiq,gamma,f)
% Purpose: Computation of accelerations in a multibody dynamics simulation
% by means of the Udwadia-Kalaba formulation.
% It is assume that the dynamics equations are in the following form
% _ _
% | M Psiq^T | | ddq | | f |
% | | | | =
% | Psiq 0 | | lambda | | gamma |
% - -
[m,n] = size(M);
for i =1:m

v(i)=1/M(i,i);
v1(i)=1/sqrt(M(i,i));

end
Minv=diag(v);
Minv12=diag(v1);
ddqf=Minv*f;
D=Psiq*Minv12;
Dps=pinv(D);
[m3,n3]=size(Psiq);
a1=(gamma-Psiq*ddqf);
ddq=ddqf+Minv12*Dps*a1;
end % of function udwadiakalaba

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
function[ddq]=coord_partitioning(M,Psiq,gamma,f)
%
% Ettore Pennestri’ - Universita’ Roma Tor Vergata - Italy
% pennestri@mec.uniroma2.it
%
% Purpose: Computation of accelerations in a multibody dynamics simulation
% by means of coordinate partitioning
% It is assumed that the dynamics equations are in the following form
% _ _
% | M Psiq^T | | ddq | | f |
% | | | | =
% | Psiq 0 | | lambda | | gamma |
% -
[m,n]=size(Psiq);
[R,iu] = rref(Psiq);
it=cumsum(ones(n,1),1);
iv=setdiff(it,iu);

16



nu=length(iu);
nv=length(iv);
for i=1:nu

for j=1:nu
Muu(i,j)=M(iu(i),iu(j)) ;
end

end
for i=1:nv

for j=1:nv
Mvv(i,j)=M(iv(i),iv(j));
end

end
for i=1:nv

for j=1:nu
Mvu(i,j)=M(iv(i),iu(j));

end
end
for i=1:nu

for j=1:nv
Muv(i,j)=M(iu(i),iv(j));

end
end
for i=1:m

for j=1:nu
Psiu(i,j)=Psiq(i,iu(j));
end

end
for i=1:m

for j=1:nv
Psiv(i,j)=Psiq(i,iv(j));
end

end
for i=1:nv

Qv(i)=f(iv(i));
end
for i=1:nu

Qu(i)=f(iu(i));
end
Qv=Qv’;Qu=Qu’;
invPsiu=inv(Psiu);
Mh=Mvv-Mvu*invPsiu*Psiv-Psiv’*invPsiu’*(Muv-Muu*invPsiu*Psiv);
Qh=Qv-Mvu*invPsiu*gamma-Psiv’*invPsiu’*(Qu-Muu*invPsiu*gamma);
ddv=Mh\Qh;
ddu=invPsiu*(gamma-Psiv*ddv);
for i=1:nu

ddq(iu(i))=ddu(i);
end
for i=1:nv

ddq(iv(i))=ddv(i);
end
end % of function coord_partitioning
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