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modeling of human joints. In particular, the kinematic parameters extracted from experimen-

tally acquired data are compared with those theoretically computed from dual quaternionsrigid
body motion interpolation.
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1 INTRODUCTION

Rigid body spatial rotations and screw motions can be desdiy means of different math-
ematical entities such as matrices, quaternions, duabkseahd dual quaternions [1, 2].

In this paper the use of dual quaternions for the descripifatrew displacements will be
discussed with an application to human motion analysis.

The mathematical definition of relative motion between hafady segments is a complex
task. This is due to the peculiar shape of the kinematic edsferming cartilagineous and
synovial joints. For this reason, in the development of reathtical models, a common ap-
proach is the replacement of such joints with those whoseatimaglis simplified. For instance,
the knee joint is usually substituted by an hinge joint, asashin Figurd]@

Figure 1: Kinematic modeling of a knee-joint

This investigation has the purpose to explore the use ofl figidy motion interpolation
methods for the mathematical modeling of elbow joints.

In particular, the approach herein presented can be applildtate the rotation axis of the
relative motion between human segments. The method is faal@ three dimensional motion
and does not require the hypothesis of planar motion, ag thiagposed in [3,/4].

This paper is mainly divided into the following parts:

e tutorial on dual quaternions with the definition of the mdigedraic operations;

e review and numerical comparison of some algorithms of ngation interpolation based
on dual quaternions;

e application of these algorithms to human motion analysis.

2 DUAL QUATERNION OPERATORS

Quaternions are four terms real numbér«;s, @ Q@ ¢ ) which include a three-term vec-
tor with components,, ¢, andg.. Quaternions are usually represented in the form

QIQT‘FQ:BZ_'_Qyj‘i_QZkZQT_'_(T (1)

wheregq, andq are the real and vector parts, respectively, érﬁjandl? are the unit versors
associated with the axes of a Cartesian coordinate system.

The use of quaternions for the description of spatial rotats reported in several biblio-
graphical sources (e.g. Ref] [5, 6]).
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A dual quaternion can be used to define a rigid body rotaticemodngled about an axisi
through the origin

0 0- 0 - 0 0
Q:cos—+umsin—i+uysin§j+uzsin§k:cos——i—ﬁsin— (2)

2 2 2 2

Figure 2: Translation and rotation of a rigid body

Dual quaternions are mathematical entities [7, 8] whosedomponents are dual numbers.

Therefore, introduced the dual umitsuch that? = 3 = ... = 0, they can be expressed as
follows N
Q=Q+¢Qo, 3)
where
Q=g¢ +¢, (4)
Qo =40+ qo , (5)

Alternatively, dual quaternions can also be interpreted asiaternion whose four terms are
dual numbers R . . .
By letting g, = 0, a dual quaternion is transformed into a dual vector. Duailmers, and dual
vectors are special cases of a dual quaternion. In fact andunaber is a dual quaternion with
zero vector part. A dual vector is a dual quaternion with zm@lar part. The dual quaternions
follow the rules of quaternion algebra with the conditidn= 0. As it will be discussed in this
paper, dual quaternions allow a coincise representatiascfew rigid body motion.

Through the scalar pag} of the dual quaternion one can express the rotation ahahel the
translation distance along the screw axis as follows:

522005_1@}:0+53 (7)
From the dual vector part (ﬁ)
Vee(Q) = @i + G,j + ¢-k (8)

one can retrieve the screw axisind the vectop pointing from the origin to any point of such
axis (see Figurel3).

In particular, with reference to the geometry of Figure 2stéhtwo motions are respectively
characterized by the following quaternions [6]:
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Figure 3: Screw motion of a rigid body

e Translation:

Qr — (2 + af) , @)

whered is the vector oriented from the origin of the fixed Cartesiaardinate systenft
to the origin of the moving ongd;

¢ Rotation p p
QR = (COS§ + Usin 5) = eg+e1i+es) + 63]2, (20)

with eg, €1, es andes the set of Euler parameters.

Denoting withx the product between quaternions, the dual number quatewtich describe
the combined screw motion is

Q=Qr+Qx (11)

whose com ponents are

~

9 —
=208 — — &l - dsin —
q cos 5 — £l _s1n2 _

N .0 o .
Gr =2u, Sin B + ¢ |d, cos 5 —sing (uyd, — dyu,)

qy =2u,sin 5 +¢ |d, cos 5 sin B (u.d, — duy)

7> =2u, sin 3 +e _dz coS 5 sin B (uzdy — dyuy)

Unit dual quaternions represent rigid body motions onlyné following constraint is satisfied

[5]

~ o~

Q-Q=1. (12)

therefore the components need to be normalized such that

CHe+e+e=1 (13)
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Figure 4: Numerical example: Nomenclature

If we interpret@ as a pointin the four dimension dual space, the equdtidrrétzgsents a dual
hypersphere. From these components one immediately sbtairmeans of equatiohl(7), the
dual rotation angl@ and the line versor which defines the spatial location anectdon of the

screw axis R
~ V - . W . T
h:A(QQQ):h—i—aﬁxh:{hm B, hz} (14)

ﬁ;}: = qu 9 ﬁy: qy" 9 Ez = qz" (15)
sin g sin g sin g

Given the dual quaternio@, QT and@ r €an be retrieved,respectively, as follows [6]:

Qr=Q*Q" (16a)
Q= 5@ (16b)

whereQ* is the conjugate of the quaternigh(see Appendix).
Since any spatial finite motion decomposed into a transglamal rotation of an angkeabout

an axish, dual guaternions can be used as a operators to describaensef finite motions.

Numerical Example .
A rigid body is subjected first to a translation of a vectbr= { 2 2 1 } and then to a rotation a§0° about a vertical axis

U = { 0 0 1 } passing through the origin of the Cartesian coordinateesysittached to the body. We want compute the screw
parameters of the overall finite motion by means of dual qoaies.
From [11), [7) and{14) one, respectively, obtains:

Q = (1.4142 — £0.7071) + £2.82847 + (1.4142 + £0.7071)k
6 = 1.570796 + ¢
h=Fk + e2i
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Hence the screw axi is parallel toz and contains the point = { 0 2 0 } (see Figur€H ). The translation displacement of the body
along the screw axis is = 1.

3 COORDINATE TRANFORM BY MEANS OF DUAL QUATERNIONS

In this section it will be discussed how to transform the duwates of points and line vectors
attached to a rigid body whose screw motion is defined by tla¢ gluaterniorQ.

Let the vector{r,} = { Tow Toy Toz 1 }T contain the homogeneous coordinates of a
generic point on a rigid body in its initial position. .

GivenQ by means of[(16)[(9)[(10) one can extrdct,, e, e; andes. Thus the transform
matrix

ed+e?—es—ek  2(erea — eges) 2 (egey + e1€3)  dy

1 2(egez +e1e2) et +es—el—ei  2(esez —eger)  d,
[OA] = _ 2 2 2 2 (17)

2(eres —epe2)  2(eger +ese3)  efte5—ef—e; d,

0 0 0 1

of real elements can be formed.
The vector of homogeneous coordinates of the point in it$ fiosition is

{r} = [s4] {ro} (18)

where{r; } E{ Te Ty T2 1 }T.

Figure 5: Definition of line vector (left) and screw displawent of a line vector (right)

With reference to the geometry of Figlire 5, a line vectean be represented by means of
the dual vector
V=0+¢e(px ) (29)

wherep'is the vector joining the origin of the Cartesian referenggtem with any point of the
line.
The new line vecto¥, of a line vectorv, after a screw motion defined by a dual quaternion

~

Q is obtained through the matrix product
Vi = [34] v (20)
where e o L o
- G+ TG—a,— 0 2@ey—64:)  2(G0 + 6.q:)
|:0A] = 2 (QTqZ + %&qy) ij + st - ng Q,z 2 (qu,z - Qquc) (21)
2(3:q- — ¢qy) 2 ) G+ ¢ -4 —q,
is an orthogonal matrix.
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4 HOW TO OBTAIN SCREW PARAMETERS FROM POINT COORDINATES

Dual algebra can be conveniently used to retrieve the scaeanpeters of a rigid body motion
from the measurement of point coordinates [9, 10].

Let us denote withry, andr; (i = 1,2,...,n), (n > 4) respectively, the initial and final
coordinates of points attached to a body subjected to a so@wn. These coordinates can be
collected through different experimental techniques aschhotogrammetry, magnetic sensors,
laser sensors, etc. The initial and final positions of theroahof the points are given by

N 1 o
Coi = - Z'f’oz (22a)
1
C; = — 7. 22b

The initial and final positions of line vectors attached t® thoving body are expressed, respec-
tively, by the following dual vectors

To; = T0i — Coi + €Coi X (Toi — Coi) (23a)
£ = 7 — & + 26 x (7} — &) (23b)

In the absence of errors, the following equality would hold:
[gﬁ] o = T (24)
with [})E} expressed by (21). However, due to the presence of measuiremers
3 T (25)

where (1)2 is in this case an unknown matrix to be computed trying to mine the differences

with the least squares optimality criterion.
In this section a two step method is proposed:

1. After forming the matrices

Ro| = [For Too .. Ton ] (26a)
R|=[f & ... %] (26b)

a dual tranform[(l]ﬁ] matrix is simply obtained as follows
i) -R][R]° 2

~ 1+ ~
where [RO] denotes the pseudoinverse[&o] :

Then the dual QR decomposition is applied
7] - )7 2
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and we let

1]~ ] o
In this way it is ensured tha{%ﬁ] is orthogonal.

Under ideal conditions the matrix?| will result into an identity matrix. Hence, its
elements can be used as a rough estimate of the deviatiorrifymhibody condition.

2. From [5@} the screw motion paramete?sandﬁ are then retrieved [10].

Numerical Example
Let us denote respectively with

S

T

{T01}={ 1 0
{7“()3}:{ 1

)

}
3

)

, {roe}={1 2 0
s {7“()4}:{ 0 2 1

[\

N
S

my={2 3 1}7, {m}={0 3 1}7,
{rsy={0 3 2}7, {ra}={0 2 2}7.

the initial and final positions of four points attached to ayadl hese data refer to the motion shown in Fiddre 4.
Since the data are not affected by errors, the m%ﬁ% is the identity matrix and directly frond (27) follows the tiform matrix

= — -1 2e
[})A] =l 1 - -2
2e 2 1

The screw motion parameters coincide with those obtaindlaeiprevious numerical example.

5 RIGID BODY MOTION INTERPOLATION TECHNIQUES

In this section some basic dual quaternions interpolatigorghms are presented.

5.1 Screw linear interpolation

This is a generalization of the well known Spherical Line#etpolation (SLERP) scheme.
Let denote byQ; andQ, two dual quaternions expressing the initial and final pose ogid
body, respectively.

The ScLERP function (Screw Linear Interpolation) is defiasdollows

ScLERP (t; Q1 Qg) =Q * (Q;l . QQ)t (30)
with ¢ € [0, 1].

__ A kinematic interpretation of this interpolation schemeiissented in Refsl [11, 12]. Since
Q; ! * Q. represents the finite screw motion between the initial arad finse of the rigid bodly,

the product
NN 9 AW
(Q1 * Qz) = cos <t2> + sin <t2 u (31)

defines a screw motion of a dual ang¢flealong the screw axis.
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Algorithm 1 sDLB: Simple Dual quaternion Linear Blending

1: procedure SDLB(@l, QQ,t)

_ 0,0, ) = (1=0Qu+Qs
2: SDLB <t7 Qi, QQ) - ||(1—t)Q1+tQ2||

3: end procedure

5.2 Dual quaternion linear blending

The dual quaternion linear blending interpolation schebDieR) is defined as follows

(1-1) Q1 +tQ2

DLB (t§ Qh Qz) = ~ = (32)
|1-0Qi+1Q;
This can be extended to the interpolation of several postslas/s
DLB (4Q1,...,Q,) = ’ lh .o d 0n(E (33)

)wl(t)ah + .. Fw,()Qn

In Refs. [12['18] the weights are assumed to be comex(; > 0 and> ;"  w; = 1).

Algorithm 2 DLB: Extension of the Dual quaternion Linear Blending
1: procedure DLB(Ql, ce Qn, t)
2 Compute weights; (i =1,...,n)
3 DLB(£Qr...,Q,) = ol
4

Q.
- ”wl(t)él‘f'---‘f'wn(t)énH
. end procedure

In this investigation, the weights are made coincident i coefficients of the classical
Lagrange’s interpolating polynomials

wiy = [ =% (34)

t; —t
k=1 7 "
k#j
There are different possibilities for the choice of thealue [6]. In this investigation the value

of ¢ coincides with the Euclidean distance between the cooresnaf origins of the moving
Cartesian coordinate system in the different poses.

5.3 Dual quaternion iterative blending

If in the DLB algorithm the lengthy normalization is avoideden the resulting dual quater-
nion does not necessarily belong to the hypersphere. A reéneof DLB is the Dual quater-
nion iterative blending proposed in Ref. [13].

The steps of the improved algorithm are outlined in Algari{B

6 NUMERICAL TESTS ON DUAL QUATERNION INTERPOLATION

In this section we will report the numerical results obtdingth the interpolating schemes
previously described. In particular, we will prescribe pases of a rigid body and we will
compute the intermediate poses through interpolation.

9
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Algorithm 3 DIB: Dual quaternion Iterative Blending
procedure [ZIB(Ql,*. . Qn, t)
B=DLB(Q,...,Qu,1)

repeat
X = > w;log (ﬁ_l * QZ>

~ A~

Bzﬁ*exp <X)

until HXH <h
end procedure

The numerical results obtained with the algorithms heremmstered have been summarized
in Table[1. In particular, with the bold characters are deddhe numerical data defining the
prescribed poseq, ..., Q,. The coincidence between the numerical results of the SELER
and DIB algorithms is due to the simmetry of the intermedjmise with respect to the first and
last one.

Table 1: Numerical results

ScLERP sDLB

d 0 (rad)

S

t i d 0 (rad) t

0o {o0,0,1}" {o0,0,0}" 0.000000 0 {0,0,1}" {0,0,0}" 0.000000
02 {0,0,1}"  {0,0,2}" 0.157080 0.2 {0,0,1}" {0,0,1.925100}" 0.155128
0.4 {0,0,1}"  {0,0,4}7 0314159 0.4 {0,0,1}"  {0,0,3.962077}" 0.313176
06 {0,0,1}"  {0,0,6}7 0.471239 0.6 {0,0,1}"  {0,0,6.037923}" 0.472222
0.8 {0,0,1}"  {0,0,8}" 0.628319 0.8 {0,0,1}" {0,0,8.074900}" 0.630270
1.0 {o0,0,1}" {o0,0,10}" 0.785398 1.0 {0,0,1}"  {0,0,10}"  0.785398

DLB DIB

t i d 0 (rad) t i d 0 (rad)

0 {0,0,1}7 {0,0,0}" 0.000000 o {0,0,1}" {0,0,0}" 0.000000
0.2 {0,0,1}"  {0,0,2.036640}" 0.158043 0.2 {0,0,1}"  {0,0,1.999999}" 0.157080
0.4 {0,0,1}" {0,0,4.018432}" 0.314643 0.4 {0,0,1}"  {0,0,4.000002}" 0.314159
05 {0,0,1}" {0,0,5}" 0.392699 0.5 {0,0,1}" {0,0,5}" 0.392699
0.6 {0,0,1}" {0,0,5.981568}" 0.470756 0.6 {0,0,1}"  {0,0,5.999998}" 0.471239
0.8 {0,0,1}"  {0,0,7.963360}" 0.627355 0.8 {0,0,1}"  {0,0,8.000001}" 0.628318
1.0 {o0,0,1}"  {o0,0,10}" 0785398 1.0 {0,0,1}"  {0,0,10}"  0.785398

7 BIOMECHANIC ANALYSIS BY MEANS OF RIGID BODY MOTION INTERPO -
LATION

In the current investigation the application of motion mpi@ation techniques to the mathe-
matical description of human body motion is attempted.

Motion capture systems supply the user with numerical daganding the cartesian coordi-
nates of markers on a body. Through dual algebra, given tmselinates, one can compute

10
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the pose of the body [10, 14, 115].

Our aimis to describe the relative motion between two adjeaeatomical segments through
a limited finite numbers of poses of the two bodies. The mggpwses are estimated by means
of the dual quaternion interpolation techniques mentidnede previous section.

7.1 Experimental human motion analysis

The motion capture system OptiTrack has been used for thexiexgntal tracking of markers
positions. In our analysis four passive markers for eaclys@gment (arm and forearm) are
used.

Since we are interested in the relative motion forearmrns.tghe arm is kept still and only
the forearm is moved.

OptiTrack allows to associate a set of at least three mavkighsa rigid body. The pattern of
the markers must be different. For each rigid body the softweturns:

- the absolute coordinates of the baricenter of the markers;

- the Euler parameters of Cartesian system framed to themgpdady (see Figuiig 9).

The motion of the markers is monitored with eight FLEX:V1Q0reras acquiring at 100
frames per second. The positions of the cameras is sucththatarkers are always visible at
least by four cameras.

The markers positions on the body segments are shown indtgur

4 markers for
each body
segment

Figure 6: Positions of the markers

The angle of rotatiofi of the forearm with respect to the forearm, as obtained fitoerBuler
parameters computed by the Optitrack software is plottédgare 7.

In particular, at each frame, from the values provided by @mtitrack system, the dual
quaternions(9)[(10) and (111) are readily obtained.

Let Q" andQ’ the dual quaternions at the beginning of the acquisitionadrte i~ frame.
One can transform these quaternions into the matr{ié@% and [ﬁi] , respectively.

The dual matrix describing the relative motion is
R 71
b4) = [A] 4] @)
From this matrix the motion parameters can be obtained [10].

11
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7.2 Human motion interpolation by means of dual quaternions

The motion of the forearm has been reproduced through dwémqion motion interpola-
tion.

In particular three dual quaternions have been interpslaygemeans of the DLB algorithm.
The rotation anglé of the forearm with respect to the arm can be estimated franintierpo-
lated dual quaternions.

Experimental
Smoothed data

¢ rad

0.5 - *

0 50 100 150 200 . 250 300 350 400 450
]

Figure 7: Experimental rotation angldorearm w.r.t. arm

0.8

f rad

0.6

04

0.2 -~

I I I I I I I ]
0 50 100 150 200 . 250 300 350 400 450

]

Figure 8: Rotation anglé forearm w.r.t. arm from dual quaternion interpolation

The quality of interpolation depends strongly on the lawariation of parameter. A linear
variation oft (i.e. of #) has been discarded because would resultin a linear ircesmsdecrease
of the rotation anglé. Observing the experimental plot of Figliie 7 one immedyatehclude
that the linear law is not appropriate fér

12
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In our analysis a cycloidal variation efhas been applied. This choice is supported by the
experimental evidence. Furthermore in biomechanics akaathors hinted that skilled human
movements are associated with a decrease in jerk ([4], p.2Othe field of cam design, due to
the minimization of jerk, the cycloidal law is often adopfed the cam profiles.

In particular, the following function has been prescribedthet parameter:

1 |=m. 1 . (27, .
— | —i—=sin | —i 0<e<iy
™ | 1h 2 1h
t= (36)
1 T (i — in) 1 . 2 (i — in) i<
— 1 — 1) — —sin 1—1 1 1<n
™ n—ih h 2 n—ih 4 h="=

wheren is the total number of frames monitored aindhe frame where the motion inversion
begins. In our case = 450 andi;, = 211.

The plot angled obtained from the interpolation and a variationtadiccording to[(36) is
shown in Figuré8. The values of Euler parameters computed fhe interpolated dual quatr-
ernions are plotted in Figurel10.

01 -

Figure 9: Euler parameters of the forearm from experimetatd
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. . . . . . . . ) . . . L L | | . )
50 100 150 200 250 300 350 400 450 0 50 100 150 200 250 300 350 400 450

Figure 10: Euler parameters of the forearm from dual quaiarinterpolation

8 CONCLUSIONS

In these paper some preliminary results regarding the @dpmin of dual quaternion interpo-
lation to biomechanics have been presented.

Although some issues remain open these results are enaagirdpe choice of the cycloidal
law for the variation of the parameter seems appropriate, although other choices aded t
evaluated. The possibility of using the dual quaternioratiee blending (DIB) interpolation
scheme witm > 4 is currently under test.

Our impression is that the matching between experimenthtlaoretical analyses could be
improved through the filtering of data and by reducing theugitijon frequency of the cameras.

In this field it is very important the availability of a simpémalytical criterion for the eval-
uation of differences between experimental motion andrétesally computed rigid body fea-
tures. There are some scientific contributions toward tiveldpment of such criterion, but it
seems that there is not a general consensus.
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9 Appendix: Basic dual quaternion operations

For a presentation of algebraic operations on dual numinetsiaal vectors the reader may
refer to Refs.[[16, 17, 18,9, 10].
A dual quaternion is a vector of the form

Q= (37)

Q) o) Q) )

where the componenﬁsa b andé are dual numbers. In order to express in a compact notation
the basic algebrai operations of dual quaternlons it iseoient to split the dual quaternion in
a dual scalar patt and dual vector patkt = a i + b J+c ¢ k as follows

Q=d+v (38)
1. Sum R R L
Qi +Qy=d +dy+Vi+ Vs (39)
2. Product L
AN AN dldQ - <{/\17 {/\2>
*x Qo= ~ S~ 7 40
Qux Q. ( d1Vo + doVy + Vi X Vo (40)

where(vy, v,) andv; x v, denote the dot and vector products, respectively.

3. Conjugation

Q =d-+v (41)
4. Norm
Sl /8.6 (Q, Qo) Qo)
—azrazibzye (42)
5. Inverse R
Q-2 43)
2
6. Exponential
A) _ N ( cos([[v])
o (Q) = e (7) ( & sin (I91) ) (“44)

The extension of Euler’s identity to dual quaternions isresped by the following unit

dual quaternion
0 9+ :
u- | = =
€exXp 5 COS2 S1n

)

| D

i (45)
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7. Logarithm

0@ i)

<>‘<>

—d_
vl I

If Q is a unit dual quaternion expressed byl (45), then

In (Q) =u

Q' = exp (1n(Q) 1)

CIESS

8. Power

17

(46)

(47)

(48)
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