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Abstract. The formulation of the dynamic equations of motion propdsetddwadia-Kalaba
is discussed from the point of view of teaching effectivieaad numerical efficiency. Since this
formulation requires the computation of a pseudoinversgimat is investigated the influence
of the method of pseudoinverse computation on the dynamidaion of an overconstrained
linkage.
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1 INTRODUCTION

In a recent series of papers (e.g. [1]) and in a textbook [2yattla and Kalaba, starting from
the Gauss Principle of Least Constraint [3, 5, 6], deduceevaformulation of the dynamics
equations of motion for a system of constrained particleggut bodies.

The main features of this formulation are:

- the equations of motion can be reduced to a system of oxdihifferential equations
(ODE), even when a redundant set of coordinates is used;

variations of degrees-of-freedom due to the change oflégyoor other causes are al-
lowed and do not require special effort in computer programgm

rheonomic and scleronomic constraints are treated inaheesvay;

forward and inverse dynamics problems can be solved witl@rsame tool,

easy computer implementation, provided that a subrodtineomputing the pseudoin-
verse matrix is available.

The above features make the formulation very attractivdadh, one of the shortcomings as-
sociated with the use of a redundant set of coordinates imtbgration of a mixed system of
differential-algebraic equations (DAE). These systenesdiiferent from ordinary differential
equations (ODE) and require specialised numerical mettoodiseir solution. The matrices are
of high order, but sparse. The computer programming eféaptired by redundant coordinates
dynamic formulations is relatively low and within the capies of the average mechanical
engineering student.

A fundamental step of the Udwadia-Kalaba (UK) formulatientihe computation of the
Moore-Penrose generalized inverse or pseudoinversexmatri

Arabyan and Wu [7] investigated numerically the advantagjekis formulation within the
framework of multibody dynamics and compared the numbepatithg point operations (flops)
required for computing the pseudoinverse with Gram-Sch(@&) orthogonalization and Sin-
gular Value Decomposition (SVD).

However, the authors of the present paper believe that thgpaoson of the methods for
computing the pseudoinverse only on the basis of flops dpasatequired, although important,
is somewhat limited. For this reason we decided to compdfereint methods by observing
other parameters such as the reliability, accuracy of teanld speed of computation.

Thus, one of the purposes of this paper is to report about noahéests, for accuracy and
computational efficiency, of different pseudoinverse imatalculation algorithms with explicit
reference to multibody dynamics simulations. These testsotl seem to be readily available in
literature.

The paper is organized in four parts. The first and secons gaet mainly tutorial. In the
first part the main steps of the following methods for compaithe pseudoinverse matrix are
summarized:

- Singular value decomposition (SVD) [22];

- Varga’s algorithm [19] with QR decomposition computed bgans of the Householder
factorization [9];

- Greville’s algorithm [20, 21];
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- Least squares solution with modified Gram-Schmidt (GS) @dRdrization [22];
- Least squares solution with Householder QR factorizafiaa]

In the second part the formulation of Udwadia-Kalaba is ¢selg deduced. The third part
describes the test problem and reports the numerical ses$titally, the fourth part of the paper
discuss some issues related to the teaching of the UK fotionlan a multibody dynamics
course.

2 REVIEW OF METHODS FOR COMPUTING THE MOORE-PENROSE PSEUDOI N-
VERSE MATRIX

This section, for completeness, summarizes the main piepeif the Moore-Penrose pseudoin-
verse matrix and the steps of the different algorithms tegtging the dynamic simulations.

2.1 Definitions

The main properties of the Moore-Penrose pseudoinversixmai™ of a matrix|[A] are:

When|[A] is a square matrix with full rank, then its pseudoinversacioie with the inverse.

The Moore-Penrose pseudoinverse matrix is associatedhdtieast squares solution of the
linear system of equations

[A] {z} = {b} , (1)

where the numbein of equations is not equal to the numbeof unknowns andA| does not
necessarily has full rank.

In particular, the following cases are distinguished:
Overdetermined system of equationsii > n)

By requiring that

h=[[A] {z} = {b}]15 (2)
IS @ minimum, one obtains
(A" [A] {a} = [A]" {b} . (3)
Therefore, the solution of (1) can be stated as
{a} = [A]" {b} , (4)
where .
Al = ([ [4])  (4)" (5)

is theright pseudoinverse matrix
Undetermined system of equationgm < n)
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The solution is obtained imposing the minimum of the Eudideorm

9=l . (6)
with {z} subjected to (1). Thus, introduced the new objective famGti
g =g+ N\ (A {2}~ {b]) (7)

the solution is achieved solving the system

EREIEY R t3E ®

{a} =[A]" {b} , 9)

or

where .
AT =[] (14" (10)

is theleft pseudoinverse matrix

2.2 Theleast squares method

Since there is abundance of software procedures for congptite least squares solution of
a system of algebraic equations

(Al {z} = {b} , (11)
the computation of the pseudoinverse can be reduced to sutios. These procedures are of-

ten based on QR decomposition by means of Householder refisar GS orthogonalization.
Let

y={100 ...0},
{b}={0 10 ...0},
{bs}={0 0 1 0",
(b} ={0 0 0 1}

The procedure differs according to the dimensiong40f
Casem > n

1. Solvem times the system

[A]" [A {a} = [A]" {b} . (12)

2. From them solutions{x1}, {z2},... ,{x,} one can form the pseudoinverse matrix

(A" = [ {1} {z2} {zs} - {awl ] (13)

LComputationally, the system is solved only once. The fattatrices used for the first solution are saved and
used also for the remaining ones.
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Casen > m

1. Solvem times the system

I AT x 0
FREICS RIS @
Also in this case the pseudoinverse is given by equation (13)

The square matrices in (12) and (14) are singular or ill comied. Thus their solution
requires special care. As mentioned, an appropriate waglte feast squares problems is by
means of GS orthogonalization or Householder QR factoomat
2.3 Singular Value Decomposition method

1. Apply the Singular Value Decomposition (SVD) to matiriy

where[U] [U]" = [1],.,,,, VI IV]" = 1],
- o 0
0 o
>] = 0 --- 0
0 - 0 |
is a diagonal matrix.
2. Compute
A" = [VIZIT[U]" (15)
where
o 0
+_ 10 oy
"= 0O --- 0
0 -~ 0 |
and
or =10 (=0 (16)
0; (0i #0)
fori=1,2,...,n.
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2.4 Varga’s method

1. Apply the QR factorization to matripd]. Thus, one obtains:
G
Al =[0G = [th U] [ Ol]

with [G] matrix with full row rank andU]" [U] = [L,,.].

2. Apply the QR factorization t5;]"
GT
(G]" = [V]T[ 0 ] : (17)

with [G,]" invertible matrix andV] [V]" = [L,].

3. Since

r -1
=[G o o (18)
0 0
2.5 Greville’s method
1. Decompose the matrid], . intorow vectors{a;}, (i = 1,2,...,m)
[Al=[da af - a ]
2. Let matrix 4
) _ i—1
[Al]ixn |: a; :| (19)
with [Al]lxn = {al}lxn'
3. Fori = 2,..., m compute the matricgs\;,] " as

Al = [1An] — 007 (] 037

where

{di}lx(i—l) = {a:} [Aia]”
{citiwn = {ait = {di} [Ai-1]

feo) ([eill # 0)
{ciH{ei}" ¢
{bi}lxn = { T

{di} Aj—l
Wl (el = 0)

[Am:{% (la | #0)
{ar}" (o] = 0)

4. After m repetitions/A,,]" gives the pseudoinver$d]'  of matrix [A].

nxm
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3 THE FORMULATION OF UDWADIA-KALABA

In this section the formulation of Udwadia-Kalaba is deduéalowing the approach of
Arabyan and Wu [7].
Let us denote with

e {F'} the vector of external generalized forces;

e [M] the mass matrix;

e [V, ] the Jacobian of constraints equations;

e {q} the vector of generalized coordinates;

o {7} =—(W{d) {d} —2[Yal{d} — {¥u};

e the upperscript- the operation of pseudoinverse of a matrix.

When a redundant set of coordinates is used, the followistesy of differential-algebraic
system of equations (DAE) is obtained

M wT q F
q =
o T e
The square matrix at the left-hand can be inverted by pamiitg [23]

{ M Wl }1 | Mt Ml (M) T M M (U, M)
v, 0 (W, M) W, M — (M)
(21)
Introduced the vector
{dsy =M {F} (22)
representing the acceleration vector of the unconstrapstgm, the solution of (20) follows

-1

i = Lk + ()7 1) (1w (M7 10)7) () = (9] {air)) (23)
and .
D = (1wl 07 17) (G} = 19 i} (24)
If we let
M) = [M] R (M) (25)
(D] = [w,)[M]* (26)

then equation (23) can be rewritten in the form

[N

@y =+ )
—{dr}+ M)

(137 (wgl") (1w (37 (0173 (") () = ()4

D" (ID1D)) ({7} = W] {ar}) 27)

NI
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Taken into account the definition of right pseudoinverserm&irmerly stated, we can let

-1

D) = [0)" (D) [D]") (28)
and the previous equation can be concisely expressed aw&]f]:

{@} = {dr} + M2 [D] ({9} = [9) {air}) - (29)

This is the dynamic formulation originally proposed by Udlisaand Kalaba [2] starting from
Gauss Principle of Least Constraint.
If the Baumgarte stabilization is introduced, then (29) mdified as follows

fad = {ask+ )2 (D] (0} =20 {0} - {0} - (0] {Gr}) . (30)
wherea andj are the gain parameters usually chosen suchithkats.

4 THE PROBLEM OF RANK COMPUTATION

A serious numerical problem that arises in the computatidgheopseudoinverse is the accu-
rate computation of the matrix rank. At the practical letleé user must establish a numerical
treshold under which the numerical values are all constlénebe zero. One may set this
value equal to the hardware precision. However, since therse of these very small values
is required by the algorithms, this inflates a perturbatiothie numerical solution. Thus, a
truncation or other means of regularization are compulsmppbtain acceptable results.

In all the examples discussed in the paper the numericdldlésnecessary for the compu-
tation of the pseudoinverse is set equal to the error totergarametef OL required by the
following | MSL numerical integration subroutines

e DI VPAG, which solve an ODE initial-value problem using the AdametiMon or Gear’s
method.

e DI VPRK, which solve an ODE initial-value problem using the Rung#t&-Verner fifth
and sixth order method.

During the integration process, both subroutines try tarobthe norm of the local error such
that the global error is proportional TOL.

It should be acknowledged that the adoption of differertedon may alter the results herein
presented.

5 SUMMARY OF FORTRAN SUBROUTINES USED

Whenever possible the computation of the pseudoinversdd@s executed by means of
standard math libraries, suchlagSL. For instance, the Householder QR factorization has been
carried out through the combined usel &f5L library subroutine®L QRRR andDLQERR. For
other relevant matrix computations, the Fortran code alolglon the web site www.netlib.org,
such ad APACK, has been used.

All the Fortran subroutines described in this section angdl@mented by the authors are
available upon request.

e Pseudoinverse by means of the SVD methothel MSL library [9] supplies the ready-
to-useDL SGRR subroutine.
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e Pseudoinverse by means of the Varga’s methodhe two Householder QR factoriza-
tions required are executed by means of the combined use loMBL library subroutines
DLQRRR and DLQERR. For the inversion of the triangular matrf¥, thel MSL routine
DLI NRT is used. Computation of transpose and matrix multiplicegtiare done with
DTRNRR andDIVRRRR, respectively.

e Pseudoinverse by means of Greville’s method Fortran subroutine has been imple-
mented with matrix operations executed WitAPACK subroutines [4].

e Pseudoinverse by means of Least squares solution and Housddter QR factoriza-
tion For the least squares solution of a linear system of equatibhas been used the
| M5SL subroutineL QRRR andDLQRSL. DLQRRR provides information on the QR fac-
torization, whereaBL QRSL compute the least squares solution.

e Pseudoinverse by means of Least squares solution and moddi&ram-Schmidt QR
factorization For the least squares solution of a linear system of equgtibhas been
used the code written by R.H. Wapler [10].

6 NUMERICAL EXAMPLE

The example chosen to test the different algorithms of psiendrse computation is the
overconstrained mechanism shown in Figure 1. The lengthsaad moment of inertia of each
of the three parallel links are=1, m=1 and/=0.1, respectively. The length, mass and moment
of inertia of the coupler aré.,=2, m,=2, [,=0.2. The kinematic constraints were modelled
by means of the method described in Nikravesh textbook [T8f position of each body is
described by three coordinates, thus therenat®2 coordinates ank=12 algebraic constraints
due to the presence of six revolute pairs. Due to the paatiduik dimension, Jacobian rank is
r = 11. Thus the degree-of-freedom#is= n—r = 1. Gravity force is included and dissipative
effects neglected.

The results were monitored foF=20 s of simulation time. Sometimes the execution was
halted because of precision loss or other causes.

The results of the numerical tests are summarized in Tables 2

The simulations were carried out with a PC equipped with AMihlén 2600+, 512 MB
RAM, running under Microsoft XP Professional. The CPU tireparted is the average of the
CPU times measured executing four times the same simulation

7 TEACHING EXPERIENCES

In this section are discussed some teaching issues relatedhe actual implementation
at the classroom level of the Udwadia-Kalaba formulatiome Eurrent formulations in the
syllabus of the course Computational Kinematics and Dynaiflinematica e Dinamica Com-
putazional@, offered at University of Roma Tor Vergata, are:

e Coordinate partitioning (CP) [11, 17, 18, 12];
e Orthogonalization of constraints by means of QR [13] and $¥4Q 15];
e Udwadia-Kalaba (UK) [2].

At textbook level, a thoughtful discussion of the differeadetween coordinate partitioning
method and formulations based on the orthogonalizatioronétraints is presented by Bayo
and de Jalon [16].
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Figure 1: Five bar parallelogram linkage

Table 1: Comparison of dynamic formulations on the basiguafents opinion

Dynamic formulation
CP SVD QR UK
Linear algebra background requir¢ddverage| Extra Extra | Extra
Algebra manipulation effort Medium | Medium | Medium | High
Computer programming effort | Medium | Medium | Medium | Low

From the didactic point of view, the coordinate partitiapimethod is very appealing. It
is very intuitive and the students grasp it very quickly. &ctf from their very first year of
engineering curriculum they became acquainted both wébrthand computer programming of
the Gaussian elimination method. This method can be apidipdrtition the set of coordinates.

The comprehension of the theoretical bases of the remamergioned methods.€. SVD,
QR and Moore-Penrose inverse) requires an extra knowledgesar algebra.

The amount algebraic manipulation work required to obtagndynamic formulation based
on coordinate partitioning is also lighter when compareth&others based on the orthogonal-
ization of constraints.

In particular the algebraic manipulation necessary to dedle equations of dynamics in the
form proposed by Udwadia-Kalaba is not straightforward lmrious. The approach presented
by Arabyan and Wu [7] (summarized in a previous section) beeaf its teaching effectiveness
is recommended.

On the other side, when it comes to computer programmingUtheadia-Kalaba formu-
lation appears to be preferred by the students once a relgaldroutine for computing the
pseudoinverse matrix is made available. The Table 1 suraesathe opinions expressed by
students when comparing the different dynamic formulation

Based on the Udwadia-Kalaba formulation a simple 2D muttjbdynamics simulation pro-
gram has been developed. The core of the software is writtEoritran. Preprocessing module
has been developed Brk+ embedded in th€h scripting language [24]. Mechanism anima-
tion is obtained making use of the useful tools availablenem@h Mechani sm Tool ki t
[25].

10
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8 CONCLUSIONS

Computing pseudoinverse by means of the Gram-Schmidt deesition is usually less ex-
pensive than other methods based on the use of the SVD desaiops, Greville algorithm, or
Householder reflections. However, these last methodsneegbout twice as much arithmetic,
but are more reliable and accurate near the limits of residwction. The loss of accuracy
usually connected with the Gram-Schmidt method of computie pseudoinverse requires the
integration subroutine a considerable higher number ofprdgational steps in order to main-
tain the error lower than a fixed limit. The other two methodxdssed are very accurate and
require less function evaluation calls during numerictdgnation.

Table 2: TOL=10"1°, Integration method: Adams-Moulton. Initial time steft = 0.66 - 1072 s. No
Baumgarte stabilization applied.

Method Result >, 2 NFUNC NSTEPS CPU
SVvD Fails 3.7-1077 - - -
Varga Fail$ 9.9-1072 - - -
Greville Correctupto 17.5s4.5-107% 2,961,955 2,633,811 0.93

LS-Householder Correctupto 16.5€.3-10~* 6,131,159 4,177,395 11.57
LS-Modified GS Correctupto17.0sl1.1-10~* 3,749,766 3,015,354 36.85

1 After 9.1 s of correct simulation, the integration subroatis halted because of
repeated error-test failures (see [9], p. 668).

2 After 8.0 s of correct simulation, the integration subroatis halted after failing to
pass the error-test failures (see [9], p. 668).

Table 3: TOL=10"%. Integration method: Adams-Moulton. Initial time stedt = 0.66 - 1072 s. No
Baumgarte stabilization applied.

Method Result >, U2 NFUNC NSTEPS CPU
SVD Failg 3.4-10°° - - -
Varga Faild 9.9-1072 - - -
Greville Correctupto 17.5s1.86-10~* 1,648,055 1,422,689 0.53

LS-Householder Correctupto 18.0s7.9-10~* 1,641,751 1,422,297 1.28
LS-Modified GS Correctupto 18.0s5.2-10"* 1,644,341 1,424,864 6.03

1 After 12.07 s of correct simulation, the integration sultimei is halted because a
fatal error 1 fromDI VPAG (see [9], p. 668).

2 After 8.06 s of correct simulation, the integration subioetis halted because the
precision loss of constraints equations.

11
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Table 4: TOL=10°. Integration method: Adams-Moulton. Initial time ste®t = 0.66 - 10~2's. No
Baumgarte stabilization applied.

Method Result >, 2 NFUNC NSTEPS CPU
SVD Correctupto 17.5s4.1-10~* 1,033,381 847,294 0.28
Varga Fail$ 9.9-1072 - - -
Greville Correct upto 19.0s9.7-10"* 1,017,558 1,422,689 0.37
LS-Householder Correct 7.9-10* 1,641,751 1,422,297 0.76
LS-Modified GS Correct 6.9-10"* 1,013,795 839,020 3.40

1 After 7.3 s of correct simulation, the integration subroatis halted because the
precision loss of constraints equations.

Table 5:TOL=10"1°. Integration method: Adams-Moulton. Initial time stey; = 0.66- 102
s. Baumgarte stabilization applied = 1000, 5 = 100.

Method Result . U2 NFUNC NSTEPS CPU
SVD Fails - - - -
Varga Correct 4.5-107° 78,491,398 47,074,599 11.4
Greville Correct 2.1-1077 74,043,990 44,053,874 18.3

LS-Householder Correct 3.3-10~7 73,707,588 43,948,609 51.5
LS-Modified GS Corrects 4.1-10~7 73,910,268 44,515,071 241.0

1 After 1.17 s of correct simulation, the integration subioetis halted be-
cause a fatal error 1 froml VPAG (see [9], p. 668).

Table 6:TOL=10"8. Integration method: Adams-Moulton. Initial time stey, = 0.66-102
s. Baumgarte stabilization applied,= 1000, 8 = 100.

Method Result ZZ \Iff NFUNC NSTEPS CPU
SVD Fails - - - -
Varga Failg - - - -
Greville Correct 4.90-10"7 80,109,155 55,569,995 194

LS-Householder Correct 3.5-10~7 80,197,458 54,468,468 55.0
LS-Modified GS Correct 4.9-10"7 80,112,706 54,604,452 290

1 After 0.17 s of correct simulation, the integration subnogiis halted be-
cause a fatal error 1 frol VPAG(see [9], p. 668).

2 After 14.97 s of correct simulation, the integration sultiei is halted
because the precision loss of constraints equations.

12
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Table 7:TOL=10"5. Integration method: Adams-Moulton. Initial time stéy, = 0.66-102
s. Baumgarte stabilization applied,= 1000, 8 = 100.

Method Result ZZ \If? NFUNC NSTEPS CPU
SVD Fails - - - -
Varga Failé - - - -
Greville Correct 1.9-107% 80,483,163 57,743,095 19.5

LS-Householder Correct1.14-107% 80,689,071 58,099,798 55
LS-Modified GS Correct 1.06-107°% 80,636,983 58,010,479 291

1 After 0.46 s of correct simulation, the integration subnogiis halted be-
cause a fatal error 1 froml VPAG (see [9], p. 668).

2 After 9.7 s of correct simulation, the integration subroatis halted be-
cause the precision loss of constraints equations.

Figure 2: Violation of position constraints: a) Withoutlsilization b) With Baumgarte stabilization
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