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1 Introduction

Although the Cardan joint receives many industrial applications, its dynamics is
not yet accurately described by the mathematical models found in technical liter-
ature. One of the most sophisticated modeling of the dynamics of such a joint has
been presented in a series of papers authored by F. Freudenstein and his coworkers
[1,2,3,4].

In the named approach the analysis equations follow from the fundamental
laws of rigid body mechanics. Thus, it cannot be applied to the real topology of
the cardan joint, but only to an equivalent RCCC linkage. It is well known that the
cardan joint is an overconstrained linkage and that, in such cases, joint reactions
can be reliably computed only by taking into account the elasticity effects. For
instance, reference [6] reports on the influence of the intermediate shaft elastic-
ity on the overall performances of the double cardan joint as well as a simplified
model for vibration analysis. Moreover in [7], using a model with lumped elas-
ticity, mass and inertia, the analysis of the system was performed with a flexible
multibody approach. The results emphasize that both torque and bearing reactions
are altered by the shaft stiffness and are related to the the angular velocity.

Purpose of this investigation is the improvement of current dynamic models in
the field of transmission joints.

In this paper are presented methods for the following analyses:
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- static force analysis of the Cardan joint;

- mechanical efficiency analysis of the Cardan joint and the double Cardan
homokinetic joint;

- dynamic analysis of the double Cardan homokinetic joint taking into ac-
count the inertia of the links;

- fatigue analysis.

Since the above mentioned analyses are significant and iteratively executed during
the design cycle of Cardan joints, for completeness, they are all presented in the
same paper.

This paper reports a closed form solution of the torque analysis problem in a
double Cardan joint under both static and dynamic conditions. In the past a similar
analysis was described by F. Duditza[8], but was limited to static conditions. One
of the the models described in this paper includes the effects of inertia on torque
fluctuation.

This paper reports an original improvement over the method of Morecki for
the evaluation of the mechanical efficiency of Cardan and double Cardan homoki-
netic joints. The previous model, the only one available in technical literature,
considered the losses in the bearings connecting the cross with the yokes. The
model proposed in this paper includes also the losses in the fixed bearings. It is
worth to be noticed that the our method, when these losses are excluded, give the
same results obtained with the Morecki’s model. Design charts are reported to
summarize all the results and easy of use.

Finally, the main purpose of the procedure for fatigue analysis herein pre-
sented is also the ascertainment of the influence of working parameters (torque,
speed, angular misalignment) on the life expectancy of the joint. The criterion
used is an adaptation of the one reported in the ANSI/AGMA norm [17].

2 Brief review of previous contributions on torque
analysis

At the book level, the most relevant sources of informations on the Cardan joint
are the monograph authored by F. Duditza [8] and the handbook edited by E.R.
Wagner [9]. The book of Duditza, originally published in 1966 and translated
in many languages, contains the description of different mathematical models for
kinematic, dynamic, vibrational and stress analysis of polycardan mechanisms.
Although the kinematics seems extensively studied, the literature on the mod-
els for internal forces analysis seems sparse. The first studies on the dynamics of
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the cardan joint appear around 1930-1940 and may have been prompted by the
numerous joint failures observed in the drivelines of automobiles. These studies
hinted the presence of rocking torques or secondary couples, with direction or-
thogonal both to input and output shafts, as causes of the failures. Refined models
of static analysis, based on the use of the algebra of dual numbers and dual matri-
ces [1, 10], confirmed the findings. Investigations concerned with joint vibration
can be found in references [11, 12].

3 Nomenclature

D: distance between the bearings of the cross;

d;: diameter of shaft 7;

f: friction coefficient;

Ly, 1;y, 1;,: principal moment of inertia of the i body;
L;: distance of supports at the i*" revolute joint;

My, torque acting from the i'" to the £'* body;

M,, M,: applied and resisting torques;

P4, Prp: powers instantaneously dissipated at the joints connecting the
yokes with the cross;

[T;;]: transform matrix;

Y1, U3, U5: angular positions of input, intermediate and output shafts (see
figure 13);

x;1/;%;: moving cartesian system attached to the i*" body (see figure 8)
XY, Zy: fixed cartesian system associated to the k' body (see figure 8);

«; : angular dimension of the link 7, measured according to the Denavit-
Hartenberg convention;

B: angle between the input and output shaft in a Cardan joint;

ni» Mm: 1instantaneous and, respectively average, mechanical efficiency of a
Cardan joint;



nde, nde: average mechanical efficiency of the homokinetic double Cardan
joint;

012, ¢32: relative angular position of the plane of the cross w.r.t. the planes
containing the input and output yoke, respectively;

w;: angular velocity of the i*" body, measured in the cartesian system o —
TilYiZis

0; : relative angular positions of the links measured according to the
Denavit-Hartenberg convention (see Figure 4);

01,: angular position of input link measured w.r.t. vertical plane containing
the input shaft;

Tj(f): frictional torque at the i*" revolute joint;

Dots denote differentiation w.r.t. time.

4

The Morecki’s model for the mechanical effi-
ciency analysis of the Cardan joint

This model! is based on the following hypotheses:

the presence of friction does not alter link equilibrium;
friction losses concentrated only at the revolute joint at the coupler link;
negligible inertia;

absence of manufacturing errors.

The average mechanical efficiency 7,, is

2w 9 d
M=o | mat,=1-2.2

( 1+sing
= In ———
2m J, T D

cos 8

+tan[3> . @))

The Figures 2 and 3 show, respectively, the graphs of the average mechanical
efficiencies for the Cardan joint and for the homokinetic double Cardan joint .vs.
the adimensional parameter

_2d

D (2)

a

I'The authors could not have access to the original paper “Badanie sprawndésci mechaniczne;j i
sity wzdtuznej podwodjnych przegubow universalnych Cardana” authored by A. Morecki in 1962.
The main equations have been obtained from the book of F. Duditza [8].
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The average mechanical efficiency of the homokinetic double Cardan joint is
obtained by means of the following formula

1 [ T
N = or /0 m; (910) i (910 + 2) d910 (3)

5 The proposed model for the mechanical efficiency
analysis of the Cardan joint

Our approach shares the same hypotheses with the Morecki’s method. However,
the effects of friction on the frame bearings are included.

In this section the expressions for computing the torques at the joints are de-
duced first, then a simple model for the computation of power losses in the joints is
presented. Finally, making use of this model, the average mechanical efficiencies
for the Cardan joint and for the homokinetic double Cardan joint are estimated.

5.1 Kinematic analysis of the spherical four-bar linkage

Let us introduce, for each revolute joint, a cartesian frame is introduced according
to the well known Denavit-Hartenberg notation [13, 14, 4] (See Figure 4).

From the kinematic analysis of the Cardan joint with this method one readily
obtains [4]

0, = ATAN2 (cos b sin 64 + cos ay sin 0 cos by, sin oy cos by) 4)
0; = ATAN2 (sin 6, cos 4 + cos ay cos 0y sin 6y, sin oy cos b)) (5)

with ¢, and «, imposed and 6, computed by solving the nonlinear equation

sin @, sinf,; — cos g cos By cosf, = 0. (6)



5.2 Static analysis of the spherical four-bar linkage

From the torque equilibrium condition, applied to all the three moving links, the
following system of equations can be deduced [1, 4]:

My =0, (7a)

My + Msg sin 0y + My costy =0, (7b)
My, — My, cos Oy + My, sinfy =0, (7¢)
M, =0, (7d)

My, + Ms, sin 03 + My cost; =0, (7e)
My, — M3, cos 03 + M3, sinfs =0, (7f)
Ms, + My, =0, (72)

M3y + Mg sin 0y + Myycosty =0, (7h)
Ms, — My, cos 0y + My, sinfy =0, (71)

The solution of such system, taking into account the results of the kinematic
analysis and under the hypothesis that M,, = M;, = 0, gives the following
expressions:

M, =0, (8a)
My, .
M,; = 1z _ M, tan oy sin 0, (8b)
tan 02
My, =0, (8¢)
MlZ 2 92
My, = ——% = —M;,\/1 + tan? ay sin® 6, (8d)
sin 0,
sin 65 tan? 0, + cos® oy
M. T = .o z = M 2 8
s sinfy cos ay (1 + tan? 6,) ! (8e)
0
Ms, = —;Os—engz = tan oy cos 0, \/Sin2 01 + cos? 0, cos? ay , (8f)
2
03 sin 0
My = S23PMP yr  — sinay cos? 6, M, | 8g)
sin 6y
0 0 t 4 sin 260
My = coS s COS . — an a4 sin e 7 (&)
sin 0, 2
sin 0 tan? 0, + cos® ay ,
My = - 20, = — M, . 8
4 sinfy cos ay (1 + tan? 6,) ! (81)

5.3 Modeling of friction in revolute joints

The frictional forces at the ith revolute joint arise from two sources :
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- reaction forces Fj,, F;, and Fj;
- reaction moments M;, and M,

As a result of our previous static forces analysis, the resultant of the reaction force
at the joints is equal zero. However, the resistant action arising from the reaction
moment M;, and M;, can be modeled [15, 16] according to the scheme presented
in Figure 5.

In particular, for our purposes, the torque M;, is substituted by two parallel
and opposite forces F' acting normally to the revolute joint axis. Because of the
presence of friction, these forces generate the frictional torque

i —f My )

where d; is the diameter of the journal bearing, L; the distance between bearing
supports® and f the friction coefficient.
Similarly, the torque M;, generate the frictional torque

T;f’ = f sz (10)
Thus, the resultant frictional torque is
SN N YTIYE 11

It is clear that the presence of this torque alter the equilibrium of the links. The

new reaction torques could be computed by letting M, — M, — sign (91> T](cl),

M,, — —sign (92> 7;2), M;, — —sign (93> 7;3), My, = My, — sign (94> 7}4)
and iteratively solving system (7). The iteration is stopped when all the values of
the reaction torques converge. However, in our computations such iteration has
not been implemented.

5.4 Mechanical efficiency analysis

The Morecki’s model consider only the losses in the revolute joints connecting the
cross with the two forks. Thus, identical results (see Figure 2) are obtained when
the following definition of mechanical efficiency

T}mwg + ‘7}3)w3

1 2
m =1 — — do 12
n o /0 Moo 1 (12)

%For a single support bearing, L; represents the length of the bearing.
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isappliedand dy = d3 =d, Ly, = L3 = D.
The proposed model more realistically includes also the power losses T}l)wl

and 7}4)w4 in the joints connecting the forks with the frame.

The average mechanical efficiency of a Cardan joint is computed by means of
the following expression

4
DL
1 " 1=1

m=1—-—1 = a9 13
T 2w 0 Mlzwl ! ( )

The values of Ly, d, and L4, d, must be chosen according to the type of bearings
adopted.

The curves shown in Figure 6 illustrate the mechanical efficiency of a Car-
dan joint computed according to equation (13) and when L, = D, d; = d
(z=1,2,3,4)is assumed.

Similarly, the curves of the mechanical efficiency for the homokinetic Cardan
joint, with no bearings on the intermediate shaft, are shown in Figure 7

6 Torque analysis with inertia effects
The proposed analysis of torques in a double cardan joint is based on the following
hypotheses

e rigid bodies;

e absence of dissipative effects, manufacturing and/or mounting defects;

e input, intermediate and output shafts are connected with the frame with
revolute joints;
e constant angular velocity of the input shaft.

To find the torques acting on each link, the Newton-Euler equations for the
motion of a rigid body with a fixed center of mass are applied. Assuming the
cartesian axes being principal axes, we obtain:

e Input shaft (Link 1)

Ma + M21:c - ]lxwlx (]4)
e First cross (Link 2)
Moy + Moy = Ingtiog + woywa, (12, — Ioy) (15)
Moy + Msoy = Ioyway + wo,woy (Iog — Ioz) (16)
Mo, + M3y, = I5,wse, + wogway (Ioy — Is,) (17)



e Intermediate shaft (Link 3)

Mozy + Myzy = I3,w3, (18)

e Second cross (Link 4)
Mgy + Msyy = Ligtsy + wayway (Ls, — Lsy) (19)
M54y + M34y = [4yw4y + WaWay ([4£D - [42) (20)
My, + Mss, = Li,a, + wagway (Lay — Is) (21)

e Output shaft (Link 5)
M45:c + Mu - ]550(*21550 (22)

Under our hypotheses, revolute joints cannot transmit torques. Thus the follow-
ing equalities must hold: M3oy=M,9,=M34,=M54,=0. Moreover, the following
transforms must be taken into account (see Appendix) {Mys} = — [Tus] {Ms4},
{Mor} = — [T {Mi2}, {Mas} = —[Tos] {Ms2}, {Mus} = — [Tus] { M4}
Once the kinematics and the resisting torque M, are specified, we obtain a lin-
ear system of equations where the unknowns are the components of all the eight
shaking moments considered plus the applied torque M,. Since the matrix is
sparse, the system of equations can be easily solved by hand.
The numerical data for this example, in SI units, are as follows: M,=750,
Iy=I5,=0.01528, Ioy=14,=15,=1,,=0.00111, I5,=1,,=0.00202.

The plots of the applied torque M, are shown in Figure 9 for different angular
speeds of the driving shaft and shaft misalignment.

7 Stress and fatigue analysis of the double Cardan
homokinetic joint

The double Cardan joint was modelled by means of tetraedric solid elements ac-
cording to the mesh shown in Figure 10

The model was obtained splitting the joint in five bodies: two flanges, two
cross journals and a central shaft®>. The link journal bearings were modelled in-
troducing rigid elements that allow the rotation. For each body a proper reference
system was defined in order to assembly the whole model in the different oper-
ating configurations by modifying only the location of this complying with the
topological congruence of the joint. For this purpose a numerical code was devel-
oped, named KINEJOINT, able to assembly automatically the real configuration
of the model for the different angular position analysed.

3The datafile containing the meshed geometry of the joint can be obtained upon request.
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The first step of the analysis was to check the modal behaviour of the joint as
the static approach used in the force evaluation is valid if the possible dynamic
excitation is far from the resonances. Though the modes depend from the angular
position and from the cocking angle, for the double cardan joint arrangement anal-
ysed, the first mode is always about 1000 Hz while the main excitation is about
100 Hz. This fact assures that no dynamic amplification occurs and that the static
approach used is valid. Using the KINEJOINT code, with the graphical interface,
the analysis was executed varying:

e angular speed
e torque
e misalignment angle /5 between driving and driven shaft.

The finite element model gave the results expressed as displacements, strains and
stresses. With these it was possible to perform the fatigue stress verification using
the formula suggested by the ANSI/AGMA norm

SA\: S\ 1\
(s—f) *(s—y) —(Fs) 2y

- F,, Safety fatigue factor;

where

- S, Von Mises alternate stress;

- S, Von Mises equivalent stress;

Sy Fatigue modified limit;

S, Von Mises average stress;
- Sy Yield stress.
For the fatigue modified limit we adopted the expression
Sp=Sfe ko ky- (K- ky) (24)
where
- ko Roughness factor;

-k, Size factor;
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- ky = 1/K[ where K is the fatigue stress concentration factor;
- K, Stress concentration factor;
- S} Fatigue limit for alternate stress at 2 - 10° cycles;

Making use of Ky definition, it is possible to write [18]

K;—1 1
Ki—1 1+¢°

(25)

In the equation above a is a material constant depending on the ultimate static
stress and r is the size of the notch.

Since the computations have been carried out by means of a finite elements
model, the value of K; cannot be obtained in the classical way. However, from
equation (25) one can infer that K - k; > 1. Thus, in our calculations, for the
favor of safety, it has been assumed K, - k; = 1.

The material used was 38NiCrMo4 (UNI 5332) with the mechanical properties
summarized in the Table 1

Table 1: Summary of the material properties

Sre (MPa) S, (MPa) k, ky S (MPa)
590 850 080 095 521

Computing average and alternate stresses, rspectively, by means of the equa-
tions

Seq min T Seq max
9 )
Sa _ Seqmin ; Seqmax ,

Sm =

(26a)

(26b)

one can obtains the results summarized in the Table 2 and Figures 11 and 12.

8 Conclusions

This paper presented different analytical tools and procedures to be used for as-
certaining the influence of the main working parameters (rotation speed, angular
misalignment, transmitted torque) on the kinematic, dynamic and structural per-
formances of the joint.
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Table 2: Summary of the numerical results used for the computation of the safety
fatigue factor F,

Wa Torque 6 Sma,x Smin Sm Sa Fsy
rpm Nm deg MPa MPa MPa MPa

6,000 150 5 245 233 239 0.60 3552
6,000 150 7 251 227 239 120 3540
6,000 150 10 260 215 237 125 3526
4,000 150 5 155 146 150 045 56.39
4,000 150 7 157 144 150 0.65 56.29
4,000 150 10 160 138 149 1.10 5649
6,000 200 5 275 260 2675 075 31.73
6,000 200 7 278 258 268 1.00 31.64
6,000 200 10 29.0 243 266 235 31.46
5,000 150 5 192 184 188 040 45.17
5,000 150 7 195 180 187 0.75 45.20
5,000 150 10 198 175 186 1.15 4527
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It has been shown that the amplitude of torque variations due to the inertia
effects, is more affected by the rotation speed than by the angular misalignment (3
between shafts.

As far as fatigue analysis is concerned, a code has been developed for the
purpose of stress analysis by means of finite elements models. These models have
shown that the critical region is near the holes of yokes.

The appliction of ANSI/AGMA norm criterion has shown that increasing ro-
tational velocity causes an assessed-life reduction more than increasing angular
misalignment or increasing transmitted torque. This can be clearly observed in
the graphs of Figures 11 and 12. This can be explained considering that higher
rotational velocity increases the alternate stress rate which reduces Fj,, more than
the increasing of mean stress caused by higher torque. Also an higher angular
misalignment [ increases the alternate stress rate but in the usual working range
(0 - 10 deg) this effect is not so relevant as that of changing rotational velocity.
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Appendix

The following matrices define the transformations between the different cartesian
reference system (¢; = cos ¥;, s; = sinv;, cg, = cos By, sgr = sin ) (See Figure

13).

—81C3C31 — S3C1
$1C3581
—C1C35p1

[To1] =

—55C3C32 — S3Cs
55C35432
—C3C5532

[Ths5] =

—C35p1
—C3Cp1

53

—C3532
—C3Cp2
S3

0 Cg1  —Sp1 0

1 ) [Tla] = | ss ¢z O )
$1 0 0 1

0 —CB2 562 0

Cs ) [T53] = | —sg2 —¢cg 0 )
S5 0 0 1

[Tys] = [Toa] [T1s] , [T3a] = [Ts]" [Tus]” .
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Figure 1: The Morecki’s model: Nomenclature
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Figure 2: Mechanical efficiency of a Cardan joint according to the Morecki’s
model
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the Morecki’s model

18



Figure 4: Kinematic analysis of a spherical four-bar linkage by means of the
Denavit-Hartenberg method:Nomenclature
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Figure 6: Mechanical efficiency of a Cardan joint according to the proposed model
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Figure 7: Mechanical efficiency of the homokinetic double Cardan joint according
to the proposed model
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Figure 10: Overall view of the finite element model
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Figure 13: Convention for measuring angular positions of the links.
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