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1. INTRODUCTION

Although the kinematics of the Cardan joint seems extensively studied, the contributions on models for internal

forces analysis are scarce. The first studies on the dynamics of the Cardan joint appear around 1930-1940 and may

have been prompted by the numerous joint failures observed in the drivelines of automobiles. These studies hinted

the presence of rocking torques or secondary couples, with direction orthogonal both to input and output shafts, as

causes of the failures.

To the best of our knowledge, the most detailed approach to the dynamic analysis of Cardan joints is due to F.

Freudenstein and his coworkers (e.g. [1, 2]. In a series of papers, making use of dual vectors, the equations of motion

have beed deduced in symbolic form. The main steps of their deductions are herein outlined.

Regarding mechanical efficiency of Cardan joints, likely the first scientific contribution is due to Morecki [3].

Such a model, based on a simplified static analysis and including the losses in the yoke bearings only, has been

verified by E. Pennestrı̀ et al. with a different analytical approach and refined by including also the losses in the fixed

bearings [5, 6]. The results have been plotted in a design chart which allows to compute the efficiency as a function

of the angle between input-output shaft axes .

The influence on energy losses of angular speed, input and output shafts angular misalignement, have been

investigated by E. Pennestrı̀ et al. [7]. The numerical results have been also experimentally validated [10]. In this

second part the main findings of the different investigations mentioned will be summarized and discussed.

2. NOMENCLATURE

The nomenclature introduced in the first part of this paper must also be considered.

- ai : minimum distance between zi and zi+1 axes;

- D: distance between the bearings of the cross;

- di: diameter of shaft i;

- f : friction coefficient;

- xiyizi: moving cartesian system attached to the ith

body, as in the Denavit-Hartenberg convention;

- ~R(ik) = ~CGi: vector expressed in C− xikyik zik ;

-
{

R̂C j( j)

}( j)
: Dual reaction forces acting on link j,

evaluated in C j, and expressed in the reference of

the joint j.

- ε dual unity
(
ε2 = 0

)

- η mechanical efficiency of the Cardan jojnt;

- ωi: angular velocity of the ith body, measured in

the cartesian system o− xiyizi;

- θ1 : Input angle;

- τ
(i)
f : frictional torque at the ith revolute joint;

- thêdenote dual quantities;

- Dots denote differentiation w.r.t. time;

- ˜ : Denote the skew matrix of a vector.
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DYNAMIC ANALYSIS OF THE RCCC LINKAGE

In terms of dual algebra the momentum of the ith rigid body w.r.t. a point C and expressed in the joint reference

frame ik is

{
ĤC(i)

}(ik)
=mi

{
vC(i)

}(ik)−mi

[
R̃(ik)

]
{ωi}

(ik)

+ ε
(

mi

[
R̃(ik)

]{
vC(i)

}(ik) +
[
J

(ik)
C(i)

]
{ωi}

(ik)
)

. (1)

According to the Newton - Euler equation, differentiating Eqn.(1) w.r.t. time, one obtains the dual expression of the

resultant of external loads (forces and moments) at point C acting on the rigid body

d

dt

{
ĤC(i)

}(ik)
=

{
F̂C(i)

}(ik)
. (2)

The joint reference frame ik is not an inertial frame and its motion is defined by means of the dual velocity
{

v̂C(i)

}(ik).

Thus Eqn.(2) is changed into

{
˙̂
HC(i)

}(ik)
+

[
˜̂vC(i)

(ik)
]{

ĤC(i)

}(ik)
=

{
F̂C(i)

}(ik)
, (3)

where
{

˙̂
HC(i)

}(ik)
is the time derivative of expression (1).

Considering the RCCC linkage, the equilibrium equations of the moving links in terms of dual algebra are

[
Â

]2

1

{
R̂C1(1)

}(1)
−

{
R̂C2(2)

}(2)
=

{
F̂C2(1)

}(2)
, (4a)

[
Â

]3

2

{
R̂C2(2)

}(2)
−

{
R̂C3(3)

}(3)
=

{
F̂C3(2)

}(3)
, (4b)

[
Â

]4

3

{
R̂C3(3)

}(3)
−

{
R̂C4(4)

}(4)
=

{
F̂C4(3)

}(4)
. (4c)

Using Eqns.(4) in Eqn.(3) one obtains the following system of linear equations (with j = 2,3,4)

{
˙̂
HC j( j−1)

}( j)
+

[
˜v̂C j( j−1)

( j)
]{

ĤC j( j−1)

}( j)
=

[
Â
] j

j−1

{
R̂C j−1( j−1)

}( j−1)
−

{
R̂C j( j)

}( j)
, (5)

where the unknowns are the dual vectors of the reaction forces at the joint. Considering the system under investiga-

tion, the expressions of the dual momentum of each moving link can be obtained [4, 7].

3. THE FRICTIONAL FORCES AT THE KINEMATIC PAIRS

In the ideal Cardan joint, the resultant of the reaction force at the kinematic pairs is zero and there is not any

displacement along the joint axes. This is not necessarily true in presence of manufacturing errors. Considering that

in a revolute joint the velocity along the z axis is zero (ṡi = 0), the effects of friction on the reaction force component

along the same axis (Fiz) are herein neglected. However, these can be taken into account when detailed informations

on the geometry of the revolute joint are available.

3.1 Revolute Pairs

The frictional forces at the ith revolute joint arise from two sources: a) reaction forces Fxi, Fyi and Fzi; b) reaction

moments Mxi and Myi.

The resistant action about the z axis, arising from the reaction moments Mxi and Myi, can be modeled [?, 9, 6]

according to the scheme presented in Fig.1.

In particular, for our purposes, the torque Mix is substituted by two parallel and opposite forces F acting normally

to the revolute joint axis. Because of the presence of friction, these forces generate the frictional torque

τxi
f = f

di

Li

Mxi , (6)

where di is the diameter of the journal bearing, Li the distance between bearing supports1 and f the friction coeffi-

cient.

Similarly, the torque Myi generate the frictional torque τ
yi
f = f di

Li
Myi .

1For a single support bearing, Li represents the length of the bearing.
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Figure 2: Comparison between torques at the kinematic pairs in joints without (left) and with (right) manufacturing

tolerances

Therefore the friction reaction torque component

along the z axis is computed as follow

Mzi = −sign
(
θ̇i

)(
τ
(i)
f +

f di

2

√
F2

xi + F2
yi

)
, (7)

where τ
(i)
f = f di

Li

√
M2

xi + M2
yi . It is clear that the presence

of friction alters the equilibrium of the links.

Cylindric Pairs

In the frictionless cylindric pair ṡi 6= 0, Mzi = 0 and

Fzi = 0. When friction is considered, the values of Mzi

and Fzi must be computed.

� � �
� � �� ���ω

� � � �
�

Figure 1: Modeling of friction in revolute pairs

However, the computation of Mzi is carried out with the same model adopted for the revolute pair

Mzi = −sign
(
θ̇i

)(
τ
(i)
f +

f di

2

√
F2

xi + F2
yi

)
, (8)

Fzi is defined in the same manner but making these substitutions

Fzi = −sign(ṡi) f




√
F2

xi + F2
yi + 2

√
M2

xi + M2
yi

Li


 . (9)

The presence of friction in the kinematic pairs modifies the equilibrium condition between links. In Fig.2 are

compared the moments at the kinematic pairs with and without the mounting errors. The manufacturing tolerances

are set to ai = 0.5 mm and αi = 10−3 rad (i = 1,2,3,4).

4. NUMERICAL EXAMPLES

The goal of this paper is to investigate the effects of manufacturing errors on the dynamic behavior of the Cardan

joint. In particular the instantaneous efficiency has been evaluated in several work conditions. The expression of the

instantaneous efficiency is

ηi = 1−
Plost

Pin

, (10)

where Plost is the sum of power losses due to the frictional forces at each kinematic pair and Pin = ω1T1 is the input

power due to the driving torque T1. The power loss in each joint is defined as the product of the frictional force (9)

and relative velocity ṡ along the axis of the cylindric pair, and of the frictional torque (8) and the relative angular

velocity θ̇.

In the numerical examples herein reported the following nominal parameters have been assumed:

- coefficient of dynamic friction f = 0.005;

- lengths and diameters of the links Li=50 mm, di=40 mm, (i = 1,2,3);
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Figure 3: Average efficiency in a Cardan joint without manufacturing tolerances under static conditions.[3, 5]

- α1 = α2 = α3 = 90◦, α4 = 150◦ and a j = 0, ( j = 1,2,3,4);

- masses of the links m1=1.890 kg, m2=1.57 kg, m3=3.130 kg (the other inertial features are summarized in

Tab.1);

- input torque T1 = 100 Nm.

Table 1: INERTIAL FEATURES IN S.I. UNITS

x y z

{S1}
(2)

0.117 0.104 -0.053

{S2}
(3)

0.081 0.081 0

{S3}
(4)

0.127 0.127 0

[J1]
(2)

x y z

x 0.01068 0 0

y 0 0.00784 0.00291

z 0 0.00291 0.00494

[J2]
(3)

x y z

x 0.05525 0 0

y 0 0.005988 0

z 0 0 0.001056

[J3]
(4)

x y z

x 0.00928 0 0

y 0 0.0111 0

z 0 0 0.003826

The average efficiency ηm of a Cardan joint, according to the model described in [6] can be obtained using

the chart of Figure 3, where a = 2 f di/(πLi) is an adimensional parameter introduced by A. Morecki [3]. In the

mentioned model, the Cardan joint has no manufacturing tolerances and the energy losses are computed including

all the four revolute joints.
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and angular misalignement between input and output

shafts

The present analysis investigates the influence on the efficiency of the following parameters:
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- Rotation speed.

- Angular configuration of the output shaft.

- Presence of manufacturing tolerances, estimated in the following values of axes offsets a1 = a2 = a3 = a4 = 0.5
mm and angular error on α j=0.001 rad ( j = 1,2,3,4).

Figure 6 shows the comparison between instantaneous efficiency loss (1−η) with and without manufacturing toler-

ances. The influence on the mechanical efficiency of rotation speed and of the angular displacement between input

and output shafts has been also investigated. The results of this analysis are shown in Figure 4 and Figure 5. Finally

the mechanical efficiency of a Cardan joint with manufacturing tolerances or mounting errors has been computed.

The angular velocity has been kept constant, ω1=1500 rpm, and the nominal parameters affected by errors have been

changed into a1 = a2 = a3 = a4 = 0.5 mm and α1 = α2 = α3 = 90.006◦, α4 = 150.006◦. Figure 7 shows the results

of this investigation.

5. EXPERIMENTAL ANALYSIS

The mechanical efficiency model previously presented has been experimentally validated [10].

The test rig used, shown in Figure 8, was equipped with the following instruments:

- an adjustable steel table;

- two torque/speed transducers (model Magtrol TMB 210 with max torque: 100.00 Nm; max speed: 4000 r.p.m.;

torque sensitivity 100mV/Nm; speed sensitivity: 60 pulses per rev.);

- one brushless motor (two poles; peak torque: 110 Nm) with a control panel and control software;

- one electromagnetic brake (model Merobel SA FRAT 650; max torque 65 Nm; min torque 0.63 Nm) with a

radial fan and a DGT 200 MC digital controller;

- one personal computer with an a/d converter and a National Instrument multichannel acquiring system.
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Figure 6: Instantaneous efficiency loss in a Cardan joint
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6. CONCLUSIONS

Two formulations for computing the mechanical efficiency of a Cardan joint with manufacturing tolerances or mount-

ing errors have been presented. The first formulation is based on quasi static working conditions. The results ob-

tained coincide with those obtained by F. Duditza [3] for the standard Cardan joint, but with a different approach.

Our methodology can take into account skewness between the axes of the joints. The second formulation, also based

on dual numbers, includes the effects of inertia forces. Thus the effects on energy losses due to:

- increment of the rotation speed;

- angular errors between axes;

- manufacturing tolerances;

have been quantitatively analyzed. It can be observed that increasing the rotation speed from 1500 rpm to 2500

rpm the efficiency loss is about 1.8%, while the efficiency loss due to manufacturing tolerances is about 0.15%.

This situation could be explained considering that the reaction forces at the kinematic pairs are scarcely affected by

mounting errors, as shown in Fig.2. The model for computing the mechanical efficiency under dynamic conditions

have been also experimentally validated [10]. Also within the framework of dual numbers, paper [11, ?] discuss the

effects of joint tolerances on the kinematics of spatial linkages.
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Figure 8: Experimental test rig for the mechanical efficiency analysis of mechanical joints
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