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ABSTRACT: The number of multibody dynamics courses offered in the university is

increasing. Often the instructor has the necessity to go through the steps of an algorithm by

working out a simple example. This gives the student a better understand of the basic theory.

This paper provides a tutorial on the numerical integration of differential-algebraic equations

(DAE) arising from the dynamic modeling of multibody mechanical systems. In particular,

some algorithms based on the orthogonalization of the Jacobian matrix are herein discussed.

All the computational steps involved are explained in detail and by working out a simple

example. It is also reported a brief description and an application of the multibody code

NumDyn3D which uses the Singular Value Decomposition (SVD) approach.
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INTRODUCTION

The multibody formulation discussed in many multi-

body dynamics textbooks (e.g., [1ÿ3]) requires the

position of each rigid body to be described by means

of seven generalized coordinates: three for the position

(x, y, z) and the four Euler’s parameters to define

spatial orientation (e0, e1, e2, e3) of a body. As a

consequence the set of coordinates is redundant, i.e.,

the number of coordinates is higher than the degrees-

of-freedom (d.o.f.) of the mechanical system under

simulation. This leads to a DAE system which can be

solved only numerically. In order to reduce the DAE

system to an ordinary differential equations (ODE) the

orthogonalization of the Jacobian matrix of the con-

straint equations is necessary. This approach offers the

following advantages:

1. The elimination of Lagrange’s multipliers when

solving equations;

2. The possibility to partition the entire set of

generalized coordinates into independent vari-

ables and dependent ones;

3. The transform of the DAE system into a ODE

gives the opportunity of a wider choice of

numerical integration subroutines;

4. Mechanical systems with a redundant number

of constraints or with changing d.o.f. can be

analysed.
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A
NOMENCLATURE

* F degrees-of-freedom of the mechanical system

under analysis;
* {Fe} is the vector of generalized applied forces;
* fFepg is the vector of generalized applied forces

related to independent coordinates;
* Feu is the vector of generalized applied forces

related to dependent coordinates;
* fF̂Fðt; p; _ppÞg is the vector of generalized applied

forces of the SSODE system;
* I is the identity matrix;
* [M] is the symmetric n� n system mass matrix;
* ½Mpp� is the F�F mass sub-matrix related to

independent coordinates;
* ½Muu� is the ðnÿ FÞ � ðnÿ FÞ mass sub-matrix

related to dependent coordinates;
* ½Mpu� is the F � ðnÿ FÞ mass sub-matrix;
* ½Mup� is the ðnÿ FÞ � F mass sub-matrix;
* ½M̂MðpÞ� is the mass matrix of the SSODE

system;
* m number of constraint equations;
* n number of generalized coordinates;
* {p} a vector of F independent coordinates;
* q ¼ fq1; . . . ; qngT

the vector of generalized

coordinates representing the position of the rigid

bodies in the system;
* {u} a vector of dependent coordinates;
* r is the rank of the Jacobian matrix;
* t time;
* gðq; _qq; tÞ is the accelerations vector;
* l is the array of Lagrange’s multipliers;
* dots denote differentiation w.r.t. time.

THE DIFFERENTIAL-ALGEBRAIC
EQUATIONS SYSTEM

When using a redundant set of coordinates a number of

constraint equations can be systematically established

fCðq; tÞg ¼ fC1ðq; tÞ . . .Cmðq; tÞgT ¼ f0g ð1Þ

These constraints must be satisfied by the generalized

coordinates throughout the simulation.

By differentiating (1) with respect to time, the

velocity kinematic constraint equations are obtained

½Cq�f _qqg ¼ ÿfCtg; ð2Þ

where ½Cq� is the Jacobian matrix of the system.

Differentiating (2) again with respect to time leads to

the accelerations kinematic constraint equations

½Cq�f€qqg ¼ fgg; ð3Þ

where

fgðq; _qq; tÞg ¼ ÿð½Cq�f _qqgÞqf _qqg ÿ 2½Cqt�f _qqg ÿ fCttg:
ð4Þ

Systems of equations from (1) to (3) characterize

the admissible motions. The d.o.f. of the mechanical

system under analysis is [4]

F ¼ nÿ r: ð5Þ
The rank of the Jacobian matrix may vary during

simulation.

The motion of the mechanical system under

the influence of applied forces is governed by the

following index 3 DAE system:

½M�f€qqg þ ½Cq�T lf g ¼ Fef g
Cðq; tÞf g ¼ 0f g

�
ð6Þ

Thus the total number of equations is nþm with

nþm unknowns, i.e., the n generalized coordinates

and m Lagrange’s multipliers related to the m con-

straint equations.

It is well known that the task of obtaining a nume-

rical solution from a DAE system is more difficult

than that of solving an ODE system [5,6,10]. Analy-

tical solutions of system (6) satisfy Eqs. (1) and (2),

but this is not necessarily true for numerical solutions.

In this context several strategies are available for

the numerical solution of the DAE of multibody

dynamics. One of these rearranges the DAE system

(6) into an ODE. In particular, in order to solve the

system (6), without any orthogonalization, one could

express (6) as follows

½K�f _yyg ¼ ffðyÞg ð7Þ
where

½K� ¼

I 0 0 0

0 I 0 0

0 0 0 0

0 0 0 0

2664
3775; fyg ¼

q

_qq
€qq
l

8>><>>:
9>>=>>; ð8Þ

and

ffðyÞg¼

_qqg
f€qqg

f½M�f€qqg þ ½Cq�Tflg ÿ fFegg
fCg

8>><>>:
9>>=>>;: ð9Þ

The form (7) is the one required by the Fortran

subroutine RADAU5 which is based on a fifth-order

RungeÿKutta’s method [6].

THE ORTHOGONALIZATION METHOD

In order to transform (6) into an ODE system, where

the unknown is a set {p} of F independent coordinates,
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A
the following algebraic manipulations should be been

considered as reported in [7].

Let us append to the vector {C}, the vector {F}

of the equations which can be established between the

coordinates p and q

fGðp; qÞgðmþFÞ�1 ¼
CðqÞ
Fðp; qÞ

� �
ð10Þ

The time derivative of (10) leads to

½Gp� mþFð Þ�Ff _ppg þ ½Gq� mþFð Þ�nf _qqg ¼ 0f g ð11Þ

where: Gp

� �
mþFð Þ�F

¼ @G
@p

and Gq

� �
mþFð Þ�n

¼ @G
@q

are

Jacobian matrices.

From (11), after introducing the matrix

Vðp; qÞ½ �n�F ¼ ÿ Gq

� �ÿ1

n� mþFð Þ Gp

� �
mþFð Þ�F

ð12Þ

one obtains

_qqf g ¼ Vð p; qÞ½ � _ppf g ð13Þ

When there is no explicit dependence on time of

the constraint equations Ctf g ¼ 0f g and combining

the (2) with (13), the orthogonality condition is deduced

Cq

� �
Vð p; qÞ½ � _ppf g ¼ 0f g: ð14Þ

Moreover when the Eq. 14 is differentiated with

respect to time once again, the accelerations of

generalized coordinates are expressed as function of

the derivatives of {p}:

€qqf g ¼ Vð p; qÞ½ � €ppf g þ _VVð p; qÞ
� �

_ppf g: ð15Þ

Premultiplying both sides of the dynamic equa-

tion of system (6) by V½ �T and taking into account (14)

and (15), the vector of Lagrange’s multipliers is

eliminated from the differential equations of equili-

brium and the following ODE system is obtained

Vð p; qÞ½ �T M½ � Vð p; qÞ½ � €ppf g ¼ Vð p; qÞ½ �T Ff g
ÿ Vð p; qÞ½ �T M½ � _VVð p; qÞ

� �
_ppf g

ð16Þ

Considering the term _VVð p; qÞ
� �

_ppf g, in order to

obtain an expression ready to be implemented, the

vector {q} of generalized coordinates could be parti-

tioned into two vectors as follow:

qf g ¼ yf g
pf g

� �
ð17Þ

where yf g nÿFð Þ�1 is the vector of dependent variables

and pf gF�1is the one of independent ones as already

introduced. According to this, the kinematics expres-

sion of the acceleration Cq

� �
€qqf g ¼ gf g could be re-

arranged as:

Cy

� �
m� nÿFð Þ €yyf g þ Cp

� �
m�F

€ppf g ¼ gf g: ð18Þ

From the expression (18) could be obtained the

relationship between €qqf gand €ppf gas:

€qqf g ¼
€yyf g
€ppf g

� �
¼ ÿ Cy

� �ÿ1
Cp

� �
I½ �

" #
€ppf g

þ Cy

� �ÿ1
gf g

0½ �

( ) ð19Þ

and comparing the (19) to (15) could be easily deduced

that:

V½ �n�F¼
ÿ Cy

� �
nÿFð Þ�m

ÿ1 Cp

� �
m�F

I½ �F�F

� �
ð20Þ

and

_VVð p; qÞ
� �

_ppf g ¼ Cy

� �ÿ1
gf g

0½ �

� �
: ð21Þ

Now is also possible to define the matrix [V] in

the case of explicit dependence of the constraints with

respect to time. So, in this case which is more common

in the applications, the expression of the constraints

vector is fCðq;tÞg ¼ f0g and the expression of

velocities would change into:

Cq

� �
_qqf g ¼ ÿ Ctf g ð22Þ

where the number of equations m of this system would

be less than the number of the elements n of the vector

of generalized coordinates {q}, then the Jacobian

matrix would be a rectangular one.

Let us assume the correctness of the expression:

_ppf g ¼ B½ �F�n _qqf g ð23Þ

Because of singularities in the configuration of

the mechanical system, the d.o.f. of the system may

not be constant during the numerical integration

proces. Moreover the matrix [B] has the F rows

independent from the m rows of the Jacobian matrix.

As a consequence, combining the Eqs. 22 and 23 the

following expression is obtained

Cq

� �
B½ �

� �
mþFð Þ�n

_qqf g ¼ ÿ Ctf g
_ppf g

� �
ð24Þ

where the left hand side matrix is not singular. The

solution of the previous system gives

_qqf g ¼ Cq

� �
B½ �

� �ÿ1

n� mþFð Þ

ÿ Ctf g
_ppf g

� �
¼ ÿ S½ �n�m Ctf g þ V½ � _ppf g

ð25Þ

where matrix [S] is obtained from the first m columns

of matrix ½Cq�
½B�

h iÿ1

.
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Eq. 25 contains, as a particular case, the expres-

sion (13). Solving the system (24) the following

expression is obtained.

Cq

� �
B½ �

� �
Cq

� �
B½ �

� �ÿ1

¼ Cq

� �
B½ �

� �
S½ � V½ �½ �

¼ Cq

� �
S½ � Cq

� �
V½ �

B½ � S½ � B½ � V½ �

� �
¼

I 0

0 I

� � ð26Þ

which confirms the property of orthogonality also in

the case of reonomic constraints:

Cq

� �
V½ � ¼ 0½ � ð27Þ

and introduces the new one

B½ � V½ � ¼ I½ �: ð28Þ

Deriving with respect to time Eq. 24 the following

expression would be obtained:

Cq

� �
B½ �

� �
€qqf g ¼ gf g

€ppf g

� �
ð29Þ

which carries out the relationship between €ppf gand

€qqf gas

€qqf g ¼ S½ � gf g þ V½ � €ppf g: ð30Þ

The term S½ � gf g is obtained from Eq. 30, assum-

ing €ppf g ¼ 0, as follow

S½ � gf g ¼ Cq

� �
B½ �

� �ÿ1
gf g
0f g

� �
: ð31Þ

THE DEDUCTION OF MATRIX [V]

In this section two methods to deduce matrix [V]

previously introduced will be presented. Both of them

could be easily implemented. It must be understood

that the matrix [V] is not unique.

QR Decomposition

According to this method, the Jacobian matrix ½cq�T is

first rearranged as follows

Cq

� �T¼ Q1½ �n�m Q2½ �n�F½ � R1½ �m�m

0½ �F�m

� �
¼ Q1½ � R1½ �

ð32Þ

where [Q1] and [Q2] simultaneously satisfy the conditions

Q2½ �T Q1½ � ¼ 0½ �
Q2½ �T Q2½ � ¼ I½ �

ð33Þ

The first one is used to eliminate the Lagrange’s

multipliers in the equations of motion. In fact, consi-

dering Eq. 32 and the first one of (33), the following

one is obtained:

Q2½ �T Cq

� �T¼ Q2½ �T Q1½ � R1½ � ¼ 0½ � ð34Þ

Comparing (34) and the second one of (33),

together with (27) and (28) respectively, matrix [V] is

deduced as:

V½ � ¼ Q2½ �
B½ � ¼ Q2½ �T

ð35Þ

Hence, the equations of motion could be rear-

ranged as follow:

½Q2�T ½M�½Q2�f€ppg ¼ ½Q2�TfFeg ÿ ½Q2�T ½M�½S�fgg
ð36Þ

where

S½ � gf g ¼ Cq

� �
Q2½ �T

� �ÿ1
gf g
0f g

� �
: ð37Þ

Singular Value Decomposition

Matrix [V] is now deduced by means of the Singular

Value Decomposition (SVD) algorithm. Therefore,

matrix ½Cq�T has been rearranged as follows

Cq

� �T ¼ Wd½ �n�r Wi½ �n� nÿrð Þ
� � L1½ �r�r

0½ � nÿrð Þ�r

" #
U½ �Tr�r

¼ Wd½ � L1½ � U½ �T : ð38Þ

The columns of the matrix ½½Wd�½Wi��must be

orthogonal, i.e., ½Wi�T ½Wd� ¼ ½0�. Hence, combining

this with (38) the following expression is obtained

Wi½ �T Cq

� �T¼ Wi½ �T Wd½ � L1½ � U½ �T¼ 0½ �: ð39Þ

Matrix [V] is then defined as

V½ � ¼ Wi½ � ð40Þ

and, as a consequence, the following equalities are

established

_qqf g ¼ Wi½ � _ppf g ð41Þ

and

S½ � gf g ¼ Cq

� �
Wi½ �T

� �ÿ1
gf g
0f g

� �
: ð42Þ

The final expression of the equations of motion is

Wi½ �T M½ � Wi½ � €ppf g ¼ Wi½ �T Ff g ÿ Wi½ �T M½ � S½ � gf g:
ð43Þ
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A
COORDINATE PARTITIONING METHOD

This method is a state space method which use a

subset of the generalized coordinates to locally para-

meterize the constraint manifold [1ÿ3,8,9]. As previ-

ously seen the generalized coordinates are partitioned

into a vector {p} of F independent coordinates and the

remaining m generalized coordinates are rearranged

into vector {u}. Note that Fþm¼ n and that the

partitioning is done such that the sub-Jacobian of the

constraint equations with respect to {u} is nonsin-

gular, i.e.,

detðCuðq; tÞÞ 6¼ 0: ð44Þ

This partitioning strategy is only feasible when

the constraint equations are independent, that is the

Jacobian ½Cq� has full row rank.

According to this partitioning scheme, the DAE

system (6) are rewritten in the form

Mpp½ � €ppf g þ Mpu½ � €uuf g þ Cp

� �T
lf g ¼ Fepf g

Mup½ � €ppf g þ Muu½ � €uuf g þ Cu½ �T lf g ¼ Feuf g
Cðu; p; tÞf g ¼ 0f g ð45Þ

8><>:
The velocity and acceleration kinematic con-

straint equations can also be rearranged into

Cu½ �m� nÿFð Þ _uuf g þ Cp

� �
m�F

_ppf g ¼ ÿ Ctf g ð46Þ

and

Cu½ � €uuf g þ Cp

� �
€ppf g ¼ gf g ð47Þ

respectively.

According to the condition of Eq. 44 and the

implicit function theorem, {u} can be locally repre-

sented as a function of fpg; fug ¼ hðfpgÞ, when

h({p}) has as many continuous derivatives as the

constraint function Cðq; tÞ.
Using information provided by (46) and fug ¼

hðfpgÞ the DAE system (45) can be reduced to a State

Space Ordinary Differential Equations (SSODE)

system. Thus, since ½Cu� in (46) is nonsingular, f _uug
can be determined as a function of f _ppg and pf g
eliminating the explicit dependence on uf g by means

of the relationship between {p} and {u}. Next, Eq. 47

uniquely determines €uuf g as a function of pf g, _ppf g,
and €ppf gwhere results from Eq. 46 and the relationship

between {p} and {u} are substituted. In the same way,

using previous results, lf g can be uniquely deter-

mined as a function of pf g, _ppf g, and €ppf g. Finally the

SSODE in the independent generalized coordinates

pf g is obtained,

bMMð pÞh i
€ppf g ¼ bFFðt; p; _ppÞ

n o
; ð48Þ

where

bMMh i
¼ Mpp½ � ÿ Mpu½ � Cu½ �ÿ1 Cp

� �
ÿ Cp

� �T
Cu½ �ÿ1

� �T

Mup½ � ÿ Muu½ � Cu½ �ÿ1 Cp

� �� �
ð49Þ

bFFn o
¼ Fepf g ÿ Mpu½ � Cu½ �ÿ1 gf g ÿ Cp

� �T
Cu½ �ÿ1

� �T

Feuf g ÿ Muu½ � Cu½ �ÿ1 gf g
� �

ð50Þ

AN EXAMPLE OF THE DECOMPOSITION
METHODS EXPLAINED

For a better understanding of the theory explained a

simple example is discussed. With reference to the

nomenclature of Figure 1, the constraint equations,

the Jacobian matrix and the vector of accelerations are

respectively:

Cf g ¼
q1 ÿ L cos q3

q2 ÿ L sin q3

� �
;

Cq

� �
¼

1 0 L sin q3

0 1 ÿL cos q3

� �
;

gf g ¼ ÿL _qq3 cos q3 ÿL _qq3 sin q3f gT

ð51Þ

QR decomposition. Matrix [V] orthogonal to matrix

½cq�T is deduced as follow

Figure 1 Simple pendulum.

NUMERICAL INTEGRATION OF DAE SYSTEMSQ2 5
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Cq

� �T¼ Q1½ � Q2½ �½ � R1½ �
0½ �

� �
ð52Þ

where

R1½ � ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1ÿ L2 sin2q3

p
ÿ L2 sin q3 cos q3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1ÿL2 sin2q3

p

0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þL2

1ÿL2 sin2q3

q
264

375 ð53Þ

Q2½ � ¼ ÿL sin q3 L cos q3 1½ �T

Therefore, since ½Q2� ¼ ½V �, the equation _qqf g ¼
V½ � _ppf g becomes

_qq1

_qq2

_qq3

8<:
9=; ¼ ÿL sin q3

L cos q3

1

24 35 _ppf g: ð54Þ

Moreover, from Eq. 37 follows

In conclusion, denoted with

M½ � ¼
m 0 0

0 m 0

0 0 Ig

24 35;
the mass matrix, Fef g ¼ 0 ÿmg 0f gT

, the vector of

external forces, the system (36) is

mL2 þ Ig

ÿ �
€ppþ mgL cos q3 ¼ 0 ð56Þ

where €pp is the only unknown.

Singular Value Decomposition (SVD)

Using this approach one can only proceed numerically

(computer algebra systems apply the SVD algorithm

only on matrices expressed in numerical form). Let

L¼ 1m and, as initial position, impose q3¼ p/4. Thus

Jacobian and acceleration vector are

Cq

� �
¼ 1 0

ffiffi
2
p

2

0 1 ÿ
ffiffi
2
p

2

" #
and gf g¼ ÿ

ffiffi
2
p

2
_qq2

3ÿ
ffiffi
2
p

2
_qq2

3

n oT

:

ð57Þ
According to the SVD algorithm the ½cq�T matrix

can be decomposed into three matrices, i.e.,

Cq

� �T¼ W½ �j L½ �j U½ �T ð58Þ

where, for the case under analysis,

½W � ¼
ÿ 1

2
ÿ
ffiffi
2
p

2
ÿ 1

2

1
2

ffiffi
2
p

2
1
2

ÿ
ffiffi
2
p

2
0;

ffiffi
2
p

2

2664
3775; ½L� ¼

ffiffiffi
2
p

0

0 1

0 0

264
375;

½U� ¼
ÿ
ffiffi
2
p

2
ÿ
ffiffi
2
p

2ffiffi
2
p

2
ÿ
ffiffi
2
p

2

" #
: ð59Þ

Comparing the matrices in the expression (59)

with the ones in (38) it is easy to deduce that

Wi½ � ¼
ÿ 1

2
1
2ffiffi
2
p

2

24 35 ¼ ÿ
ffiffi
2
p

2ffiffi
2
p

2

1

264
375 ð60Þ

and

S½ � gf g ¼ Cq

� �
Wi½ �T

� �ÿ1
gf g
0f g

� �
¼

ÿ
ffiffi
2
p

2

ÿ
ffiffi
2
p

2

0

8><>:
9>=>; _qq2

3:

ð61Þ
In conclusion, using Eq. 43, the following differ-

ential equation is obtained

ðmþ IgÞ€ppþ
ffiffiffi
2
p

2
gm ¼ 0 ð62Þ

which is the same of the previous case considering the

numerical data assigned.

Coordinate partitioning method. According to this

method the generalized coordinate are splitted into

{p} and {u} vectors as follows,

uf g ¼ q1; q2f g and pf g ¼ q3f g:
The Jacobian matrices obtained by differentiation

of the constraint equations with respect to {u} and {p}

respectively are

½Cu� ¼
1 0

0 1

� �
and ½Cp� ¼

L sin q3

ÿL cos q3

� �
:

The global mass matrix is partitioned into the

following sub-matrices

½Mpp� ¼ ½Ig�; ½Mpu� ¼ 0 0½ �; ½Mup� ¼
0

0

� �
;

and ½Muu� ¼
m 0

0 m

� �
:

S½ � gf g ¼
Cq

� �
Q2½ �T

" #ÿ1
gf g
0f g

� �
¼

1 0 L sin q3

0 1 ÿL cos q3

ÿL sin q3 L cos q3 1

264
375
ÿ1 ÿL _qq3 cos q3

ÿL _qq3 sin q3

0

8><>:
9>=>;¼

ÿL _qq2
3 cos q3

ÿL _qq2
3 sin q3

0

8><>:
9>=>;:
ð55Þ
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AThe vector of generalized forces is partitioned as

well,

fFeug ¼ 0 ÿmgf gT
and fFepg ¼ f0g;

the expression of vector gf gis not changed instead.

According to Eq. 49 the terms of the mass matrix

½M̂M� are

Cp

� �T
Cu½ �ÿ1

� �
T Mup½ �ÿ Muu½ � Cu½ �ÿ1 Cp

� �� �
¼ ÿmL2
� �

; ð63Þ

Mpu½ � Cu½ �ÿ1 Cp

� �
¼ 0½ �; ð64Þ

½Mpp� ¼ ½Ig� ð65Þ

thus

½M̂M� ¼ ½Ig þ mL2�; ð66Þ

the terms in the Eq. 50 concerning vector fF̂Fg are

Cp

� �T
Cu½ �ÿ1

� �T

Feuf g ÿ Muu½ � Cu½ �ÿ1 gf g
� �

¼ mLg cos q3f g ð67Þ

Mpu½ � Cu½ �ÿ1 gf g ¼ 0f g; ð68Þ

fFepg ¼ f0g ð69Þ

thus

fF̂Fg ¼ ÿmLg cos q3f g: ð70Þ

Finally the SSODE system according to (48) is

ðIg þ mL2Þ€pp ¼ ÿmLg cos q3; ð71Þ

which is the same of the others reported previously.

The Code NumDyn3D

A brief description of the main features of the code is

presented in this section. NumDyn3D, the acronym of

Numerical Dynamics in 3D, is a multibody dynamics

Table 1 Joint Definition Frame

CON B1 B2 T P1x P1y P1z Q1x Q1y Q1z R1x R1y R1z

C1 0 1 1 0 0 0 0 0 1 ÿ1 0 0

P2x P2y P2z Q2x Q2y Q2z R2x R2y R2z

ÿ0.5 0 0 ÿ0.5 0 1 ÿ1.5 0 0

Table 2 Rotational Spring Damper Element

NSPDAMP 1

S1 B1 B2 K L0 C A P1x P1y P1z P2x P2y P2z T

SP1 0 1 32.66 1.57 4.584 0 1 0 0 0 0 0 2

Table 3 Inertial Properties

B MAS Ixx Ixy Ixz Iyx Iyy Iyz Izx Izy Izz

1 10 0 0 0 0 0.834 0 0 0 0.834

Table 4 External Forces

NFOR 1

FOR BO Fx Fy Fz Tx Ty Tz Px Py Pz Rif

F1 1 0 0 ÿ98.10 0 0 0 0 0 0 1

Table 5 Initial Condition

DOF 1

BO Q Pos Vel

1 4 0.97 0

Table 6 CPU Time Consumption

CODE CPU time (s)

NumDyn3D 20

NumDyn3D with SVD 16

Working Model 3D 30

Table 7 Routines

Routines QR SVD

IMSL LQRRR/DLQRRR LSVRR/DLSVRR

MATLAB Qr SVD

MAPLE Qrdecomp Svd

LAPACK SGEQPF SGESVD
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Author Proof

Acode developed by L. Vita at University of Rome Tor

Vergata for didactic and research purposes. Entirely

written in Fortran90, the software is suitable for the

dynamic simulation of a large class of mechanical

system. The use of the subroutine for the numerical

integration RADAU5[6] ensures the robustness of

the code and numerical accuracy of the results. The

NumDyn3D code makes use of eleven text files to

obtain the information needed to completely describe

the mechanical system under investigation. The code

generates, as output of the analysis process, one report

file where all the input features of the system

are summarized, and three files for each body of the

system. Each file, in ASCII format, contains the

positions, velocities and accelerations of the body at

each integration step.

Figure 2 Abscissa of center of mass in the x direction.

Figure 3 Ordinate of center of mass in the y direction.
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Author Proof

ATHE BENCHMARK

In this section the results of the analysis of a simple

pendulum (Fig. 1) obtained using NumDyn3D, with

and without the othogonalization of the Jacobian

matrix are compared with the results obtained by means

of the commercial software Working Model 3D.

The analysis refers to three seconds of simulation

divided into 3000 steps; there is only one revolute

joint between the pendulum and the ground which is

described using the appropriate text file as reported in

Table 1 where the points of the joint definition frame

for each body (in local coordinates) are defined.

A rotational spring damper element is also

included in the model with the features reported in

Table 2;

Whereas the inertial features are summarized in

Table 3.

Figure 4 Center of mass velocity (x direction).

Figure 5 Center of mass velocity (y direction).
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AThe only external force acting on the system is

the gravitation field one as shown in Table 4.

Considering that the system has only one d.o.f., just

one parameter is required as initial condition. In this case

the first Euler’s parameter of the body as in Table 5.

The output obtained from the code is compared to

the one obtained with Working Model 3D as shown in

Figures 2ÿ7.

Considering Figures 2ÿ7 the differences between

NumDyn3D and WM3D may not seem relevant.

However, Working Model 3D integrates the system of

equations by considering constraints on accelerations

(DAE system of index 1). NumDyn3D chooses the

more demanding task of integrating DAE system with

positions constraints. This allows a very tight control

of numerical accuracy. In fact with NumDyn3D,

Figure 6 Center of mass acceleration (x direction).

Figure 7 Center of mass acceleration (y direction).
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A
the violation of constraints in this example is never

greater than 2.6 10ÿ17 m.

Finally Table 6 shows the differences considering

CPU time consumption. The orthogonalized version

has a reduction of CPU time consumption about the

20% and a maximum error in the solution of the con-

straints equal to 5.0 10ÿ20. These performance impro-

vements are due to the simplification of the system to

be integrated obtained by the orthogonalization.

The reported differences may not be maintained

for other examples.

In Table 7 are reported the routines useful for the

implementation of one of the methods proposed using

different software environments.

CONCLUSIONS

Some strategies of numerical integration of DAE

system are discussed and implemented for the simple

case of the one d.o.f. pendulum. This paper reports all

the steps involved in each method and it is believed to

be useful for the teaching of this topic in multibody

dynamics courses.
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